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THE HASSE NORM PRINCIPLE IN GLOBAL FUNCTION FIELDS

ADELINA MANZATEANU, RACHEL NEWTON, EKIN OZMAN, NICOLE SUTHERLAND,
AND RABIA GULSAH UYSAL

ABSTRACT. Let L be a finite extension of Fy(t). We calculate the proportion of polynomials
of degree d in F,[t] that are everywhere locally norms from L/F,(¢) which fail to be global
norms from L/Fy(t).

1. INTRODUCTION

The Hasse norm principle is said to hold for an extension of global fields L/k if the knot
group
k>N NL/kAz

Np i L*
is trivial, in other words if an element of k* is a global norm from L/k if and only if it
is a norm everywhere locally. Hasse’s original norm theorem [14] shows that the Hasse
norm principle holds for cyclic extensions of number fields. Since then, there have been
several research articles giving methods for computing knot groups and sufficient criteria
for the Hasse norm principle to hold, see [1, 2, 3, 8, 11, 12, 13, 16, 17, 18, 20, 22, 24, 28],
for example. Furthermore, new breakthroughs obtained when studying arithmetic objects in
families mean there has been a great deal of interest in the frequency of failure of local-global
principles — see [5] for a survey of recent progress. In particular, the frequency of failure of
the Hasse norm principle for number fields has been studied in [6, 9, 10, 21, 25].

In this paper, we study failures of the Hasse norm principle in the global function field
setting. Let ¢ be a power of a prime p, let L/F,(f) be a finite extension with full constant
field F,s and let n C Fy[t] be an ideal. In order to compare the number of global norms from
L/F,(t) with the number of everywhere local norms, we define counting functions

Ngiob(L/F4(t),n,d) = #{a € F[t]N Npw,wLl™ | (a,n) =1,dega = d}, and
Nioo(L/Fq(t),n,d) = #{a € F [t] N Npw,mAf | (a,n) =1,dega = d}.
The following constant will play an important role in our results:
h = ged{degp | p infinite place of L}, (1)

where deg p denotes the degree of the residue field of p over the constant field F,r of L.
We may now state our main theorem:

Theorem 1.1. We have

A(LJk) =

Iim Ngiob(L/Fy(t),n,d) 1
a2 Nioo(L/Fy(1),m, d) - H#HA(L/F, (1))’

where the limit is taken over degrees d such that fh | d.
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In the special case n = F,[t], Theorem 1.1 is an integral analogue of [6, Theorem 1.2] in the
function field setting. We note that examples where the knot group is non-trivial certainly
exist in this setting: for example, [27, §11.4] shows that the knot group is Z/2Z for the
biquadratic extension F5(v/%, v/t + 1) /F5(t) since all its decomposition groups are cyclic.

In order to obtain Theorem 1.1, we show that the method of Cohen and Odoni can be
used to prove the following local version of [7, Theorem IIB|:

Theorem 1.2. There exists a finite abelian extension Li../L with the following properties:
(a) if d is a large multiple of fh, then Nio(L/F,(t),n,d) is asymptotically
d jB—1
q d _ — 4/ dw(n
mAn 1{]. + O(d AW4(n))} + O(qd/2€2 duw )> (2)

where A, B and C' are positive constants depending only on L/F,(t) and 0 < B < 1,
w(n) is the number of distinct prime divisors of n and

A= AL+ 0(p)g 8P + 6(p*)g 2% + ..}

pln

h Rloc C

where § is the indicator function for norms of fractional ideals of L, see Section 3;

(b) if d is not a multiple of fh, then Nioo(L/Fy(t),n,d) is only
O(qddB—l—Aw4(n)) +O<qd/2e2./dw(n))
where the constants involved in the O symbols may be taken uniform in d and n.

The constant i and its global analogue kg0, are defined as follows:
Kioe = #(Fo N Npjr,iyAr) and kgop = #(Fy; N Npyr ) L™). (3)

One key difference with the number field case handled in [6] is the special role played by
the constant fields in the function field setting. A key step in our proof of Theorem 1.1 is
to show that L. and its global analogue Ly, both have full constant field F,r.. This is
achieved in Theorem 3.8 using the following result, which is proved in Section 3.2:

Theorem 1.3. Let F' be a global function field with full constant field F,, let m be an effective
divisor of F' and let H be a finite index subgroup of the ray class group Cly(F). Then the
ray class field corresponding to H has full constant field F,r, where r is the smallest positive
degree of a divisor in H.

To obtain an analogue of Theorem 1.1 for rational functions rather than polynomials, one
would need to handle sums over fractional ideals written as quotients of coprime integral
ideals, in a similar fashion to what was done at the bottom of p.343 of [6]. The appearance
of w(n) in the error terms of (2) means that these error terms would need to be handled
carefully, but we believe this should be possible with some work.

1.1. Notation. For a global function field F' and an effective divisor m of F', we use the
following notation:

A% the group of ideles of F’

D(F)  the group of divisors of F

Dy (F) the group of divisors of F' with support disjoint from the support of m

Pyo(F) Pu(F):={div(f) | f € F* and ord,(f — 1) > ord, m V places p in the support of m}
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Cln(F) the ray class group of F' modulo m, Cly(F') := Dy (F)/Pun(F)
CI° (F) the degree zero part of Cly,(F), CI2(F) := {[0] € Clu(F) | degd = 0}.

m

Let ¢ be a prime power. For a tower of finite extensions L/K/F,(t), we use the following
notation:

n an ideal of F,[t]
OrL the integral closure of F,[t] in L
I the multiplicative group of nonzero fractional ideals of O,

Do (L)  the group of finite divisors of L
R(L/K) the knot group of L/K, R(L/K) = (K* N Np/kA])/NpjkL*.

Acknowledgements. This project began at the Women in Numbers Furope 3 workshop
in August 2019. We are grateful to the organisers for bringing us together and to the
Henri Lebesgue Center for providing us with an excellent working environment to get this
project underway. We thank Alp Bassa, Titus Hilberdink, Yiannis Petridis and Efthymios
Sofos for useful discussions. We are grateful to the anonymous referee for useful feedback
which improved the paper. MAGMA [4] was used to investigate examples. Rachel Newton
is supported by EPSRC grant EP/S004696/1. Ekin Ozman conducted part of this research
while she was at MPIM-Bonn and would like to express her gratitude for excellent working
conditions.

2. REDUCING TO THE SEPARABLE CASE

One major difference between the function field setting and the number field setting is the
presence of inseparable extensions in the function field case. Fortunately, Cohen and Odoni
[7] give the following lemma allowing us to reduce to the case of a separable extension:

Lemma 2.1 ([7, Lemma 1.1]). Let F' be a perfect field of characteristic p # 0. If t is an
indeterminate and L is a finite extension of F(t) of degree of inseparability p*, then L = KM,
where K = F(t*"") and M is the mazimal subfield of K separable over F(t); in particular,
L/K is separable.

Lemma 2.2 below allows us to transport the property of being a (global or everywhere
local) norm from L/F,(t) to the separable extension L/K given by Lemma 2.1 and back.
Before stating it, we explain what we mean by a fractional ideal of L and describe the
correspondence between fractional ideals and finite divisors.

Let L/F,(t) be a finite extension. Write Oy, for the integral closure of F[t] in L. Note that,
unlike in the number field case, Oy, is not canonical — it depends on a choice of generator ¢
for F,(t)/F,. We consider the choice of generator ¢ to be fixed throughout this paper. By
a fractional ideal of L, we mean a fractional ideal of Q. For o« € L*, we write («) for the
principal fractional ideal of Of generated by a.

The infinite place of IF,(t) corresponds to the valuation ord,, on IF, () given by ord., (%) =

deg g(t)—deg f(¢) for f(t),g(t) € F,[t]. In other words, the infinite place of F,(¢) corresponds
to the prime ideal generated by 1 in Fy[3]. We write co for the infinite place of Fy(%).

Let D(L) denote the group of divisors of L and let D, (L) denote the subgroup of finite
divisors, meaning those whose support does not include any place above co. We identify the
finite places of L with the nonzero prime ideals of O, (see [19, §5.2], for example). Thus,
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since Oy, is a Dedekind domain, the map
Z aip; — H p;’

allows us to identify D (L) with the multiplicative group of nonzero fractional ideals of Oy,
which we denote by I;,. Having made this identification, we will refer to the degree of a
fractional ideal, meaning the degree of the associated divisor. Recall that a place p of L
corresponds to a normalised discrete valuation on L. Let [F, denote the residue field of p and
let F,s be the full constant field of L. Then the degree of p is given by degp = [F, : F s].
The degree of a divisor a = ). a;p; of L is given by
dega = Z a; deg p;.
Lemma 2.2. Let L/F,(t) be a finite extension of degree of inseparability p', let K = F,(t?")
and let o € Fy(t). Then
(1) the fractional ideal (o) of F[t] is the L/F,(t) norm of some fractional ideal of Oy,
if and only if the fractional ideal (o?™") of Ok is the L/K norm of some fractional
ideal of Or; _
(2) o€ Npjr, L™ if and only if aP € NpjgL*;
(3) € Npjp AL if and only if o# " € NpjAj.

Proof. Parts (1) and (2) are the content of [7, Lemma 1.2]. We prove (3). First suppose that
a?" € NpAy. This means that for every place q of K there exists (8). € [ 14 L& such
that _
o= H Nr iy (Be)- (4)
el
Let p be a place of F,(t). By [26, Lemma 7.3], since K/F,(t) is a purely inseparable extension,
there is a unique place q of K above p. Taking N g, ) of both sides of (4) gives

Nicpe, (@) = T [ Ny Neesicy (8)) = 1T Ny, (5e). (5)
tq tlp

Now observe that N, K/Fq(t)(ozp_i) = «, since K/F,(t) is a purely inseparable extension of
degree p’. Hence (5) becomes
a = [T Moo, (Be)- (6)
tlp
Since p was arbitrary, we have shown that a € Ny, A, as required.
Now suppose that a € Ny g, )Af, so for every place p of IF,(t) there exists (5;). € Ht‘p L;
such that
a = [T Neew,m, (Be)- (7)
tlp
Again, for each place p of F,(t) there exists a unique place q of K above p. Furthermore,
Nk, /1), () = 2 for all v € K. Thus, (7) becomes

o = [ [(Niou, (B)) (8)
tlq

Hence o? ' € N, /AT, as required. O
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Lemma 2.2 shows that o — o? "' gives bijections
{a e FtINNpw,w L™ | (a,n) =1, degar = d} — {8 € OxkNN gk L™ | (B,n) = 1,deg 3 = d}
and
{a e Fy[tINNp g, AL | (a,n) =1, dega = d} — {8 € OxkNNkA] | (B,n) = 1,deg 3 = d}
where O =T, [t*"'] and deg 3 is the degree with respect to the variable t# . Defining
Ngiob(L/K,n,d) = #{8€ Ox NNk L* | (B,n) =1,degff =d}, and
Nioe(L/K,n,d) = #{8 € Ox N NpkAJ | (B,n) =1,degf = d}
gives
Naiob(L/Fy(t),n,d) = Ngon(L/K,n,d), and (9)
NiooL/Fy(t),0,d) = Nie(L/E n, ). (10)

This allows us to restrict to the finite separable extension L/K in order to prove Theorems 1.1
and 1.2. We now list two further consequences of Lemma 2.2 that will be used in the proofs
of our main results.

Corollary 2.3. In the setting of Lemma 2.2, we have

Fy N N, AL =Ty N NL/cAf
and

F; N NL/Fq(t)LX = F; N NL/KLX.

Proof. This follows from Lemma 2.2, since o — o ' is an automorphism of Fy. OJ

Corollary 2.4. In the setting of Lemma 2.2, the map o +—> o " induces an 1somorphism
R(L/Fq(t)) = R(L/K).

Proof. This follows immediately from Lemma 2.2. O

3. PROOF OF OUR MAIN RESULTS

In order to prove Theorem 1.2, we will adapt the strategy of Cohen and Odoni in [7] to
the case of everywhere local norms. Define indicator functions on Ix as follows:

1 if Nl
0 otherwise,

Soo(a) = 1 if a=(B) for some € K* N Ny /kAj,
foe 0 otherwise,

1 if a=(Np;(«a)) for some a € L™,

0 otherwise,

Lemma 3.1. We have

NIOC(L/Fq(t)7 n, d) = Rloc E 5loc(a)
aCOgk
(amn)=1
dega=d
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and

Natob (L/Fy(t),0,d) = rigiob Y Saion(0)
aCOk
(a,n)=1
deg a=d
Proof. The terms ki, and Kgion are there to account for the difference between elements of
Ok and principal integral ideals of Ok. Now the result follows from (9) and (10). O

The next step is to show that the ideal generated by an everywhere local norm from L/K
is the norm of a fractional ideal of Op. This is the content of Corollary 3.3 below.

Lemma 3.2. Let « € K. Then (o) € Np/k(I) if and only if for every finite place p the
greatest common divisor of the residue degrees fq/, of the places q above p divides ord,(c).

Corollary 3.3. If a € K* N Ny (Af) then (o) € Npjx(I1).

Proof of Lemma 3.2 and Corollary 3.3. Lemma 3.2 and Corollary 3.3 are the global function
field analogues of [6, Lemma 2.1] and [6, Corollary 2.2]. The same proofs work. O

Using Lemma 2.2 to move between L/F,(t) and L/K, Corollary 3.3 means that a first
approximation for Ny.(L/F,(t),n,d) is given by

PORICY (11)
aCOx
(a,n)=1
deg a=d
which counts integral ideals of IF,[t], coprime to n and of degree d, that are norms of fractional
ideals of Op. In [7, Theorem ITA], Cohen and Odoni give an asymptotic formula for (11) by
studying the Dirichlet series

= ) d(a)rE, < g
aCOg
(a,n)=1

They then go on to analyse the behaviour of the Dirichlet series

falob(1, 1) Z glob () e8(®) it <q 7,
aCOxk
(a,n)=1
by expressing dgiop in terms of 6 and a sum over the characters of a certain finite abelian group
coming from class field theory. With some work, this allows them to deduce an asymptotic
formula for Ngon(L/F,(t),n,d) in [7, Theorem IIB]. We seek to employ the same strategy to
analyse the behaviour of the Dirichlet series

floc n, t Z 5100 tdeg ) |t’ < qilu
aCOg
(a,n)=1
and thereby prove Theorem 1.2. This requires us to express dj. in terms of § and a sum
over the characters of a finite abelian group. This is achieved in Lemma 3.6 after some class
field theoretic preliminaries.
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3.1. Class field theory. We begin by recalling some essential facts. Let m be an effective
divisor of a global function field F. Let Dy(F) denote the group of divisors of F' with
support disjoint from the support of m. Write P, (F) for the subgroup of D (F') consisting
of principal divisors div(f) such that f € F* satisfies ord,(f — 1) > ord, m for all places p
in the support of m. The ray class group of F' modulo m is defined to be

Clm(F> = Dm(F)/Pm(F)
The group Cl,(F') is never finite. However, its degree zero part
Cla(F) = {[] € Clu(F) | degd = 0}

is finite, see [26, p.139], for example.

(Class field theory gives a one-to-one correspondence between the subgroups of finite index
of the ray class group Clyn(F) and the finite abelian extensions of F' that are unramified
away from m. The correspondence is via the Artin map which gives a canonical isomorphism
Ap/r : Clu(F)/H = Gal(E/F), where E/F is the extension associated to the subgroup H.
In particular, the places that split completely in E/F' are precisely the places in H.

We expect that the following proposition is well known, but we give the proof here for
completeness.

Proposition 3.4. Let F' be a global function field, let m be an effective divisor of F' and let
H be a subgroup of the ray class group Cly(F). Then H has finite index in Cly(F) if and
only if H contains a divisor class of nonzero degree.

Proof. Let n be the smallest non-negative degree of a divisor class in H and consider the
following commutative diagram with exact rows:

0—— CI(F)N H "%z 0

]

CI (F) Cla(F) &8 7 0.

0

The degree map in the bottom row is surjective since Cly,(F) surjects onto Cl,(F) for any
n | m. In particular, Cl,(F) surjects onto the class group of F' [23, Thm 1.7] and it is well
known that the degree map from the class group surjects onto Z. Now the snake lemma
gives an exact sequence

CL(F) | Cha(F)
CL(F)NH H
Since CI2(F) is finite, we deduce that Cl,(F)/H is finite if and only if n # 0. O

0— — Z/nZ — 0.

Now define two subgroups of I;:

Hgob = {a € I | Npjga = (N k(o)) for some a € L™}

and
Hioe = {a € I, | Npyxa = (B) for some f € K* N Ny/kAj }.
In [7, §3], Cohen and Odoni show that

Po(L)={(B) €L, | B=1 (mod p) ¥p|oc} C Hyp.
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They also show that Hgop, contains an ideal of nonzero degree (see Lemma 3.11 for a proof
that Hyo, contains an ideal of degree h). Proposition 3.4 therefore shows that Hyop, defines
a ray class field Lgo,/L unramified outside the infinite places with Gal(Lgon/L) = 11/ Hglob-
Since NpkL* C K* N NpgA] we have Hgop, C Hioe. Therefore, Hio, defines a ray class
field Lioc C Lgion unramified outside the infinite places with Gal(L,c/L) = 11,/ Hoc.

Lemma 3.5. The norm map Ny /i gives isomorphisms
Npjrlp
{(Noyk(a)) | v € Lx}

Nr/xlr
{(B) | B e K*N NLyrhAi}
We denote the quotient groups on the right-hand sides by Ggion, and Gioe, respectively.

Proof. By Corollary 3.3, {(8) | 8 € K* N N /xkAj} C Npkly so the second map is well
defined. The rest is clear. O

I,/ Hgop, —

and

[L/ Hloc l>

The next lemma is a direct consequence of orthogonality of characters, as in [7, §3].

Lemma 3.6. For all a € Ik,

o(a)
# Gglob

dglob(a1) x(a), and

XE(Gglob)v

Ooc(a) = Z x(a)

o¢ Xe(Gloc)v

where GV denotes the group of characters of an abelian group G.

Lemma 3.6 has the following immediate consequence:

Corollary 3.7. For |t| < ¢!,
1

fglob(n7t) = #G Z f(ﬂ,t,X), and
glob X€(Gglob)Y
floc(n7t) = Z f n,t X
Xe Gloc)v
where f(n,t,x) = Z S(a)x(a)dee@.
aCOxk
(a,n)=1

Let Fgob and Fjo. denote the degrees of the constant field extensions in Lgen/L and
Lyoc/ L, respectively. Now [7, Theorem IIB] shows that if d is a large multiple of f Fgop, then
Ngion(L/F4(t),n, d) is asymptotically

d dBfl
Fglob KRglob C

m)yﬂﬂ +O(d Vi (m)} + O<qd/2€2 dw(n)> 12)

where B and C are as in Theorem 1.2 and A’ is a positive constant depending only on
L/F,(t). This result is proved using the expression for fyo,(n,t) given in Corollary 3.7.
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(To be completely accurate, we note that Cohen and Odoni give a superficially different
expression for fgon(n,t) in [7, (3.1)], owing to their use of 11,/ Hyop, in place of the isomorphic
group Gygiob.) Employing the exact analogue of the proof of [7, Theorem IIB] with fioc(n, )
in place of fuon(n,t) shows that if d is a large multiple of f Fic, then Nyo(L/F,(t),n,d) is
asymptotically

d jB—1

q“d -1 —A 4 d/2 2+/dw(n)
Floc Rloc C[Lloc : L] >\n {1 + O<d w (ﬂ))} + O(q € > (13>

where A, B and C' are as in Theorem 1.2. Therefore, to complete the proof of Theorem 1.2,
it remains to show that Fj,. = h, where h is as defined in (1). In fact, we go further and
prove in Theorem 3.8 that Fi,c = Fgiop, = h.

3.2. Constant fields. Recall from (1) that
h = ged{degp | p infinite place of L}.

Our main aim in this subsection is to complete the proof of Theorem 1.2 by proving the
following result:

Theorem 3.8. The full constant fields of Lgo, and Ly, are both equal to IF .

The first step towards the proof of Theorem 3.8 is to prove Theorem 1.3. This requires
the following result of Hess and Massierer:

Lemma 3.9 ([15, Lemma 3.2]). Let F' be a global function field with full constant field I,
and let F'/F be a constant field extension of finite degree. Then Gal(F'/F') is generated by
the Frobenius automorphism ¢ and the Artin map

s given by

AF’/F (D) — SOdegb_

The zero divisor of F' is a modulus of F'/F.

Proof of Theorem 1.3. Let E denote the ray class field corresponding to H and suppose that
the full constant field of F is F;s. Let 0 be a divisor in 4. Then ? is in the kernel of the Artin
map for E/F. Therefore, 0 is in the kernel of the Artin map for the constant subextension
F,F/F of degree s. By Lemma 3.9, this implies that s | degd. We deduce that s | r, by
the definition of . We will complete the proof by showing that r | s. It suffices to show
that F,» C E. Let p be a place in H, in other words a place that splits completely in E/F.
Then r | degp, since r is the greatest common divisor of the degrees of the divisors in H.
Now Lemma 3.9 shows that p splits completely in the degree r constant extension F,F/F.
Therefore, F,» C E by the Chebotarev density theorem. O

To complete the proof of Theorem 3.8 we need the following auxiliary results:

Lemma 3.10. Let L/F,(t) be a finite extension and let o € L*. Then

deg(a) = — Z ord, o - deg p.

ploo
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Proof. Recall that by the degree of a fractional ideal of O, we mean the degree of the
associated divisor of L, as explained in Section 2. The divisor corresponding to (a) =
[T po¥ @ is 32, ordy o - p. Moreover,

dlva—Zordpa p-Zord - p—i—Zord a-p.

pfoo ploo
Taking degrees yields the result since deg(div ) = 0. O

Lemma 3.11. Hg,, contains an ideal of degree h.

Proof. Let pq,...,p, be the infinite places of L and let aq,...,a, € Z be such that

Zai degp; = h. (14)
i=1
Choose a € L* such that ord,, « = —a; for i = 1,...,n. The principal fractional ideal («)

of Oy, is in Hgyop, by definition of Hgjop,. It follows from Lemma 3.10 that deg(a) = h. ]
Lemma 3.12. Let a € Hy,.. Then h | dega.
Proof. Since a € Hy,, there exists § € K* N Ny xA] with Ny /xa = (5). Write a =[] q;",
where the q; are prime ideals in O, and the a; are integers Now
ai f
(8) = Np/xa = H Npjg(q:)" = sz b (15)

where p; = q; N1 Ok. Recall that the full constant field of K is IF, and the full constant field
of L'is Fys so fq./p, degp; = fdegq;. Now taking degrees in (15) gives

deg(B) = > aifysp, degp; = [ a;degq; = fdega, (16)
Since B € K* N Np/xAf, for every place p of K there exists (vq)q € [, Ly such that
p= H NLq/Kp('Yq)- (17)
alp
Therefore,
ord, 8 = Z ord, (N, /x, (7q)) Z fasp ordg (18)
alp alp

whereby Lemma 3.10 gives

deg(B) = —Zordpﬁ ~degp = — Zdengfq/p ordg v, = —onrdq vy - degq.  (19)

ploo ploo alp qloo
Combining (16) and (19) gives
dega = — Z ordg 74 deg q.
qloo
By definition of h, we have h | degq for all infinite places q of L. Therefore, h | dega. O
Corollary 3.13. We have h = gcd{dega | a € Hyob} = ged{dega | a € Hy,}.

Proof. Let d, = ged{dega | a € Hgob} and dy = ged{dega | a € Hy,.}. By Lemma 3.11,
Hgioh contains a ideal of degree h, whereby d, | h. Since Hgo, C Hioe, we also have dy | d,

and hence dy | h. By Lemma 3.12, h | dega for every a € Hy,., whereby h | d; and hence
h=d,=d,. O



THE HASSE NORM PRINCIPLE IN FUNCTION FIELDS 11

Now Theorem 3.8 follows from Theorem 1.3 and Corollary 3.13. In addition, Theorem 1.2
follows from (13) and Theorem 3.8.

3.3. Proof of Theorem 1.1. By Theorem 3.8, L, and Ly, both have full constant field
F,sn. Now taking the quotient of (12) by (13) and letting d — oo via multiples of fh gives

iy Neton(L/Fy(t),0,d) _ Rgon 1 (20)
dﬁfdo N]OC(L/Fq(t), n, d) Rloc [Lglob : Lloc]

The following lemma completes the proof of Theorem 1.1:

Lemma 3.14. The sequence
FXN N gAf € K*N Ny A7

1 — q L/K, %ﬁ(L/K)—){(B)’ﬁ L/K L}
Fy OV Npjr L~ {(Npyk(a)) | o€ L*}

15 exact. Consequently,

—1

HR(LJF (1)) = 2 [ Lo+ Lioc)-

KRglob

Proof. The right-hand map is given by 5 — (). The exactness of the sequence is easily
verified. The right-hand term is the kernel of the natural surjection Ggop, = Gioe. The size
of this kernel is # Gglob /# Gioc = [Lglob : Lioc]. Now the result follows by the definitions of
Kloe and Ko in (3), together with Corollaries 2.3 and 2.4. O
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