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1. Introduction

Consider the ged-sum function

G(n) == Z(k,n) = ngp(n/d) (n eN),

k=1 d|n
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where ¢(n) is Euler’s totient function. The function G(n) is multiplicative and the
asymptotic formula
2

x 1 C/(2>> 146
Gn)=———(logx +2vy— = — + O(2Mre), 1.1
> 6= 525 2 )T 4
holds for every € > 0, where  is Euler’s constant, and 6 is the exponent appearing
in Dirichlet’s divisor problem. See the survey paper [§] by the third author.

The function

n<x

k=1 d|n

is also multiplicative. Bordelles [T, Th. 5.1] deduced that

3

Z GV (n) = QxQ +0 (x(log 2)2/3(log log m)4/3) . (1.2)

= 2(2)
The error term of estimate (1.2)) comes from the classical result of Walfisz [9

Satz 1, p. 144],

1

R(z) := Z o(n) — me =0 (x(logm)2/3(loglog a:)4/3> . (1.3)
n<z

We remark that recently (1.3|) was improved by Liu [4] into
R(z)=0 (x(log 2)2/3(log log x)1/3> , (1.4)

therefore, this serves as the remainder of (1.2)). Also see the preprint by Suzuki [7].
The lem-sum function

" n

L(n) ==Y [k,n] = S |1t > dip(d) (n € N).
k=1 d|n

was investigated by Bordelles [I], Tkeda and Matsuoka [3], and others. The function

L(n) is not multiplicative and one has, see [I, Th. 6.3],

3 L(n) = B ato (xg(log )2/3(log log z)4/3) . (1.5)
= 8¢(2)
By using (|1.4]), the exponent of the loglogx factor in the error of (1.5) can be
improved into 1/3.
Now let

LY (n) = Z L (n € N).

P [k, n]

Bordelles [1, Th. 7.1] proved that

d L) = %Uog z)* + A(log z)* + O(log z), (1.6)

n<xz
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with an explicitly given constant A.
By the general identity

Z "/}(man> =2 Z Z w<m7n) - Z ’(/)(’ILH),

m,n<x n<x m=1 n<x

valid for any function ¢ : N> — C , which is symmetric in the variables, (1.1]), (1.2]),
(1.5) and (1.6)), together with the remark on (1.4]) lead to the asymptotic formulas

(E2 !
Z (m,n) = 0] <log:17 +2v — % - @ - CC((QQ))) +0 (2T (1)

m,n<x

Z (ml n) = EE;;«’EQ +0 (m(log $)2/3(log log 33)1/3) , (1.8)
> [mnl= 454((32))”34 +0 (xS(log 2)2/3(log log x)l/B) , (1.9)

and )
Z [mln} = %(logx)3 + Ay (logz)? + O(log z), (1.10)

respectively, where A; = 2A.
It is easy to generalize (1.7) and (1.8]) for sums with &k variables by using the
general identity

Do fnaye i) = (o ()] 2/d)",
NY,eeny ng<x d<z
where f is an arbitrary arithmetic function, p is the Mobius function and * stands
for the Dirichlet convolution of arithmetic functions. For example, we have the next
result: For any k > 3,

1 C(k+1 _
Z (n1,...,mg) - (C(Z) )xk+0(xk 1)'

However, it is more difficult to derive asymptotic formulas for similar sums
involving the lem [nq,...,ng]. As corollaries of more general results concerning a
large class of functions f, the first and third authors [2, Cor 1] proved that for any
k > 3 and any real number r > —1,

Z [nl’ o ’nk]r _ Ankxk(rJrl) +0 (Ik(r+1)7% min(r+1,1)+e) (111)

ni,...,nEg<T

N1, Mg ST

and

Z (M)T _ Arykxk +0 (:L’ki% min(r+171)+5) ’

n .. .n
N1 yene N T 1 k
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where Ay, are explicitly given constants. Here, (|1.11)) is the k dimensional gener-
alization of (1.9). Furthermore, [2, Cor 2] shows that for any k& > 3 and any real
number r > 0,

> <M> =Bz +0 (x’f(r+1)—%+8) )
ni,...,nE <T (nh ces 7nk)

with explicitly given constants By .. The proofs use the fact that (nq,...,n;) and
[n1,...,nk] are multiplicative functions of k variables and the associated multiple
Dirichlet series factor over the primes into Euler products. The proofs given in [2]
cannot be applied in the case r = —1.

It is the goal of the present paper to investigate the order of magnitude of the
sums

Se(x) = Y ; (1.12)

Ni,...,nE<T

Ti(z):= Y. () (1.13)

N1y, <w [nla A ’nk]

Up(z) = > n; (1.14)

Vilz):= Y :17% (1.15)

where k > 2 is fixed, by using elementary arguments. Theorem [2.1] concerning
the sum Sz (z), refines formulas and of Bordelles [I]. Theorems and
3.1| give the exact order of magnitude of the sums Si(z) and Uy(z), respectively,
for £ > 3. Theorem concerns the sums Vi (x), while Theorem provides an
asymptotic formula with remainder term for Ty (z), for any fixed k& > 2. Some
conjectures and open problems are formulated as well.

2. The sums Sk(x)

First consider the sums Si(z) defined by (1.12)). In the case k = 2 we use Dirichlet’s
hyperbola method to prove the next result, which improves formulas (1.6)) and
(T.10).

Theorem 2.1.
1
Y LUY(n) = = (logz)® + Alogz)* + Blogz + C + O (gfl/?(log x)2> . (2.1)
™

n<z

that is,

1 2
Z = P(log z)3 + Ay (logz)> + By logz + C1 + O (fﬂ*l/z(log CU)2> )
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where the constants A, B, C can be explicitly computed, and Ay = 2A, By = 2B —1,
Cl = C - .

Proof. We have

oy N (k) 1 1
L (n)_ZTn _nZd Z k Z Z Zh (2.2)
k=1 dln k=1
(k,n)=d (t n/d) 1
where
L B pu(d) L
W)= D, =D D wd =) =) -
m m J
m=1 m=1 d|(m,n) dln Jj=1
(m,n)=1
o w(d) n d p(d) . n p(n) 20(m)
= 5 <logd+7—|—0( ))— = 1 d—i—v +0 "
d|n d|n
Hence,
_ _ N H) p(n) 24t
H(a:)_Zh(n)_ZT logm+v» +o > -
n<z d<zx m<z/d n<z n<w
By using the known estimates
Z logn = zlogz — x 4+ O(log x),
n<x
6
Z =50 + O(log ),
n<z
w(n
Z O((logz)*),
n<x
we deduce that
uld) u(d)logd 6
H(z) = (xlog:z:fx)z pE fxz 2 + ﬁvarO((logx)Q)
d<zx d<z
6 1 1 2
= ﬁ(x ogx + cx) + O((logx)*), (2.3)

with a certain constant c. Let 1(n) = 1 (n € N), and let * denote the Dirichlet
convolution. By Dirichlet’s hyperbola method,

Y (Lxh)(n)= Y (H(z/n)+h(n)|e/n]) - |Va|H(Vz)

n<zx n<{z

= Y i re Y M ma(E) 1 o).
n<y/x n<\x
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By partial summation,

VT H(t)
t2

z Y hg)\/EH(\/EHx/l dt,

n<Va
and using (2.3]) we deduce

e = 3 (ron(5) +e(7)) + 5 [ (% o) 0 (tom

n<z
3 2 2
=z | —(logz)® +alogz + b | + O(Vz(logx)?),
T
for some constants a, b, which can be explicitly calculated.

Here (1 % h)(n) = nL(—Y)(n), according to (2.2)), and we obtain (2.1]) by partial
summation. D

It is more difficult to handle the sums Si(z) in the case k > 3. We will apply the
following general result proved by the second and third authors [5], using elementary
arguments.

Theorem 2.2. ([5]) Let k be a positive integer and let f : N — C be a multiplicative
function satisfying the following properties:

(i) f(p) =k for every prime p,

(i) f(p¥) = vO®) for every prime p and every integer v > 2, where the constant
implied by the O symbol is uniform in p.

Then

> %n) - %Cf(logx)k + Dy (log )" + O ((log 2)"?) ,

n<z

where C'y and Dy are constants,

n(- (£2)

P v=0

We have the following result.

Theorem 2.3. Let k > 3 be a fized integer. Then

Sk(x) < (log z)zkfl as r — oo.

Proof. Since [n,...,n,] <ny---ng < 2F, we can write
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Let

ak(n) := Z 1.

ni,...,npEN
[n1,..mi]=n

Now if n < x, then the inner sum in (2.4)) is just ag(n) (since n < x forces
ny,...,n, < ), while in any case it is at most ax(n). Thus

ak(n) ak(n)
ZRVY <« RV
> < S(a) < > o (2.5)
n<x n<zk
To see the properties of the function ax(n) write
Sa@-Y Y 1- ¥ - ¥ 1-wt
d|n d|n [n1,...,ni]=d [n1,..nk]|n ni|n,...,ng|n

Therefore, by Mobius inversion, we have a; = u * 7. This shows that ay(n) is
multiplicative and its values at the prime powers p” are given by ax(p”) = (v +
1)* —v* (v > 1). In particular, ay(p) = 2~ — 1.

Applying Theorem for the function f(n) = ax(n), with 2¥ — 1 instead of k,

we get that
Z () ~ ozk(logar;)yt1 as T — 00, (2.6)
n<z n

for some constant a. Now, from (2.5)) and (2.6) the result follows. O

Remark 2.4. It is natural to expect that Si(z) ~ cj(log )2 1

certain constant ¢j. In fact, in view of Theorem [2.1] the plausible conjecture is that

as r — oo, with a

Sp(x) = Pox_1(logz) + O(z™"), (2.7)
where Py._;(t) is a polynomial in ¢ of degree 2¥ — 1 and r is a positive real number.

We pose as an open problem to find the constants ¢; and to prove (2.7)).

3. The sums Ug(x)
Next consider the sums Uy (x) defined by (1.14). In the case k = 2,

6
Us(x) ~ ﬁ(loga:)2 as T — 00,

and it is not difficult to deduce a more precise asymptotic formula.
We have the following general result.

Theorem 3.1. Let k > 3 be a fized integer. Then

Ug(z) < (log x)Qk_Q as x — oo.



June 17, 2019 10:50 WSPC/INSTRUCTION FILE
Sums’'ged lem 2019  June

8 T. Hilberdink, F. Luca, L. Téth

Proof. Similar to the proof of Theorem [2.3] We have

Up(z)= > ] Z oL (3.1)

N1y, <T n<wk ni,...,ng<T
(ny,...,nE)=1 [n1,...,nk]=n
(n1,...,n)=1

Let

be(n)= > L

ni,...,np €N
[n1,...,nE]=n
(n1,...,nx)=1
Now if n < x, then the inner sum in (3.1)) is exactly bx(n), while in any case it
is at most bg(n). Thus

3 ™) ) < 3 be(n) (3.2)

n<x n n<xzk "
Write
SUTUIS SH SRS S
d|n dln [ni1,...,ng]=d [n1,...,nk]ln
(n1,...,nk)=1 (n1,..np)=1
= > o) = > u(6)
ni|n,...,ngn 8|(n1,...,nk) darbi=n,..., Sarbr=n
OB IR SR S RO
St=n a1 b=t apbp=t St=n

Therefore, by M&bius inversion by = p * p * 7F. This shows that by(n) is
multiplicative and its values at the prime powers p” are given by bg(p”) =
(v+1)* —20F + (v —1)¥ (v > 1). In particular, by (p) = 2% — 2.

Applying now Theorem for the function f(n) = by(n), with 2¥ — 2 instead
of k, we deduce that

Z bkr(bn) ~ oy (log )2 2 as T — 00 (3.3)

n<lz

for some constant «j,. Now, from (3.2)) and (3.3]) we have Ug(z) =< (log x)Qkfz. O

Remark 3.2. We conjecture that Uy (z) ~ di(log m)2k’2 as ¢ — 0o, with a certain
constant dy. The sums Si(z) and Ug(x) are strongly related. Namely, by grouping
the terms according to the values (nq, ... ,nk) = d one obtains

= Z w(z/d), (3.4)



June 17, 2019 10:50 WSPC/INSTRUCTION FILE
Sums’'ged lem 2019  June

On certain sums concerning the ged’s and lem’s of k positive integers 9

and conversely,

Ui(e) = 30 M5, (a/a), (35)

If Ug(x) ~ di(log x)Qk_Q holds, then by (3.4) it follows that Sk(x) ~
2,215 7 (log x)2k_1. Conversely, assume that the asymptotic formula (2.7)) is true, where
¢k, 1s the leading coefficient of the polynomial P,x_;(¢). Then (3.5)), together with
the well known results

Z@ = O((logz)™h), i“(”)% — 1,
n=1

n<x

and Shapiro’s estimates [0, Th. 4.1]

10 (o (7)) = o+ 3 s ot

(m)

valid for any integer m > 2, where ¢, are constants, imply that

Ui (x) = (28 — 1)ep(log :c)zkf2 + bor_3(log x)zk*S + -4 bilogx + O(1),

with some constants b;.

4. The sums Vi (x)
The sums Vi (x) defined by (1.15)) are sums of integers. In the case k = 2 we have,
according to ,

Vao(z) = Z (m,n) ~ %xz log z. (4.1)

m,n<x
Theorem 4.1. Let k > 3 be a fized integer. Then

F < Vi(z) < 2*(log x)2k_2 as  — oo.

Proof. The lower bound is trivial by ny---ng > [ni,...,nk]. Also, by group-

ing the terms according to the values (ny,...,n;) = d, and by denoting M =
max(my,...,mg) we have
dmy - - -dmy myp---Mmy k—
Vir(z) = Z [dm dmy] = Z [m mi Z =
dmy,...,dmi<zx Lo k mi,...,mEp <z Lreor 0k d<z/M
(m1,...,mp)=1 (ma,..., my)=1
. - . 1 .
<Lz — <z —— =2 "Ug(x),
Z< [ma, ... ,mg]MF* Z< [mi,...,mg] (@)
M yeneyMp <T MYy y M KT
(m1,...,mp)=1 (m1,...,mp)=1

and the upper bound follows from Theorem [3.1 O
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Remark 4.2. We conjecture that Vi (z) ~ /\kxk(logx)Qk_k_l as x — 0o, with a
certain constant g, in accordance with (4.1]) for the case k = 2. We pose as another
open problem to prove this and to find the constants Ag.

5. The sums Tk (x)

Finally, we investigate the sums T} (x) defined by (1.13]) and establish an asymptotic
formula with remainder term for it. We give a short direct proof in the case k = 2.
Then for any fixed £ > 2 we use multiple Dirichlet series to get the result.

Let
k)
_; o (n € N). (5.1)
Theorem 5.1.
Z F(n) =2z + 0O ((logz)?), (5.2)
that is, _

Z ([Z: Z]) =32+ 0 ((logz)?) .

m,n<x

Proof. Let ¢o(n) = Zd‘n d?u(n/d) be the Jordan function of order 2. We have
1

F(n):kz Z Y bad iZqﬁg(d)ka
d|:k1

1 "= d\ k,n) dn

n/d
1 d
P DS L
j=1 '] d|n
where H,,, = Z;n:l 1/7 is the harmonic sum. Therefore, using that

Zdj = gy O,

n<z

we deduce

n<zx dm<z m<x d<z/m
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T ~= H,, H,, H,,
:@;WJFO@CZWHO Z?

m>x m<zx

m m

_ Cé) -24(3)+ 0 (9: 3 10g;”> +o|Y 8™ ) _ 90 £ O((log2)2),

m<zx

by using that

POE-ERE) (53)
n=1

which is Euler’s result. O
Theorem 5.2. If k> 2, then
Ty(x) = B + O ((log )™ ~2) .

where

oo oo

1 1 ]
By = _
' "1--;19:1 [n1, ... ne]max(ng, ... k) ((2) n .Zr:ucil N1, .., nE] max(ng, . ..
(n1;~.:nk):1 yeees

Proof. By grouping the terms according to (ni,...,nx) = d, where n; = dm;
(1<j<k), (my,...,mg) =1, we have

d 1
Tele) = Z [dmy,...,dmy] B Z [ma,...

dmy,....dmy <z dmy,...,dmp <z ’mk]
(m1,...,mg)=1 (mq,...,m)=1
1 M
DI e D DR EID D
mi,...,mp<T Lyeees Tk d<z/M my,...,mp<x Lyeeen 10k
(m1,...,mg)=1 (ma,...,mp)=1
where M = max(mq,...,my). Let
1 .
——  if (ny,...,nE) =1,
b m) o= § oy 1 ()
0, otherwise.
Hence,
Tuw)=o Y o) ol S | 6a)
max(ni,...,ng)
N1,e.ey ng<x N1 yeens n <z
and we estimate the right-hand sums in turn. Here h(n,...,nx) is a symmetric and
multiplicative function of k variables and for prime powers p**, ... p"* (v1,...,v, >
0) one has
1 if min(vq,...,vg) =0,

h(p™t,...,p"*) = pmax(vis - ve) )
7 0, otherwise.
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Consider its Dirichlet series

o0
hni,...,n 1
I{(Sl7 ceey Sk) = Z 7117 H Z pmax(V1,...,uk)+u1s1+-"+1/k8k ’

ni,...,mEp=1 V1, V=0
rmn(l/l, v )=0

By grouping the terms according to the values of r = max (v, ..., v;) we deduce

1
H(s,.... s H Z > T

Vi,V =0
max(ul ..... vi)=r
min(vy,...,v,)=0

which converges absolutely for Rs; >0 (1 <j <k).
We shall need an estimate for Hy/(g,...,e) for £ > 0 (small). We have

H(g,...,e)zn 1+;§(?>;6+0<1}2>

D j=1
Therefore
k—1 k—1
1 k\ 1 k 1
log H = - <>+ = <> +O0(1
=2 2 () 00 = 2 ) 2 e 00

k=l 1 1 2k 2
He,...,e) =exp <j) log - +0(1) | < () . (5.5)
Furthermore, for any € > 0, we have

h(m nk)
h(ni, ..., — DALy - en TR e/k
Z< (n1,...,nk) Z< (nl...nk>s/k(n1 n)
N1,y... NEST nl,.. ST

< ZM< He/k, ... e/k). (56)

Next, note that max(ni,...,ng) > (n1---ng)/*, so that
h(ni,...,ng) h(ni,...,ng)
< —— = < H(e/k,...,e/k
e D DR e )l/k (e/ky... e /k),
N1 yene N T N1,y N T

which converges. Hence,
B, = Z h(n(l, . .'..,'nk)
is finite and By < H(e/k,...,e/k). Also,
By — Z h(ny,...,ng) _ Z h(ny,...,ng)

max(ny,...,n max(ni.....n
N1y <o (n1,. ) ni,...,ng €N (1, k)
some n; >x
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Sk Z h(nl,...,nk)<k Z h(nl,...,nk)

1—e k
N1>N2,.. Nk . ni1>na,...,Nk ™ (n1n2 nk)a/
ni>x niy>x
k = h(ng,...,ng)
< § 0 W ket H (e kL e k). 5.7
7.171_5” n,l(nl"'nk)a/k (/ ’ ’ / ) ( )
Tyeees k=

Hence, (5.4) and the estimates (5.6), (5.7)) give
Ti(x) = Brx + O (x*H(e/k,...,e/k)).
Now we choose € = 1/logx and use the bound (5.5)). The proof is complete. O

Remark 5.3. For k = 2, Theorem [5.2] recovers Theorem [5.1] Note that

o0 m

1 oS 1 2 1
B2 = c(3) Z mn max(m,n) - ¢(3) Z an:;

m,n=1 m=1

by Euler’s result (5.3)). Is it possible to evaluate the constants Sy for any k > 27
The sums Ty (x) and Uy (x) are related by the formulas

Ti(@) = Y Un(e/d),  Up(e) = 3 p(d)Ti(x/d).

d<z d<z

~1=3,

S
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