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Transcendental Brauer groups of products of CM elliptic curves

Rachel Newton

ABSTRACT

Let L be a number field and let E/L be an elliptic curve with complex multiplication by the
ring of integers Ok of an imaginary quadratic field K. We use class field theory and results of
Skorobogatov and Zarhin to compute the transcendental part of the Brauer group of the abelian
surface E x E. The results for the odd order torsion also apply to the Brauer group of the K3
surface Kum(E x E). We describe explicitly the elliptic curves E/Q with complex multiplication
by Ok such that the Brauer group of ¥ X E contains a transcendental element of odd order. We
show that such an element gives rise to a Brauer-Manin obstruction to weak approximation on
Kum(FE x E), while there is no obstruction coming from the algebraic part of the Brauer group.

1. Introduction

Let X be a smooth, projective, geometrically irreducible variety over a number field L. In
[16], Manin showed that the Brauer group of X can obstruct the Hasse principle on X. Let
X(Ap) denote the set of adelic points of X and let Br(X) denote the Brauer group of X,
Br(X) = HZ(X,G,,). There is a pairing

X(Az) x Br(X) - Q/Z

obtained by evaluating an element of Br(X) at an adelic point and summing the local invariants
[16]. The Brauer-Manin set X (Az)B"X) is the set of adelic points of X which are orthogonal
to Br(X) under this pairing. It contains the closure of the set of rational points in the adelic
topology.

X(L) € X(AL)P"™) ¢ X(Ap).
If X(Az) # 0 but X (Az)B*X) = ), there is said to be a Brauer-Manin obstruction to the Hasse
principle on X. If X(Ar) # X(Ar)P*™), there is said to be a Brauer-Manin obstruction to
weak approximation on X.

Since Manin’s observation, Brauer groups and the associated obstructions have been the
subject of a great deal of research. Let X denote the base change of X to an algebraic closure
of L. The kernel of the natural map from Br(X) to Br(X) is called the ‘algebraic’ part of
Br(X) and denoted Br;(X). It is usually easier to handle than the remaining ‘transcendental’
part and a substantial portion of the literature is devoted to its study. The quotient group
Br(X)/Bri(X), known as the transcendental part of Br(X), is generally more mysterious.
Nevertheless, it has arithmetic importance — transcendental elements in Br(X) can obstruct
the Hasse principle and weak approximation, as shown by Harari in [7] and Wittenberg in [26].

Results of Skorobogatov and Zarhin in [25] allow one to compute the transcendental part
of the Brauer group for a product of elliptic curves. These results were used by Ieronymou,
Skorobogatov and Zarhin in [11] to give a sufficient condition for the Brauer group of a diagonal
quartic surface D over Q to be algebraic, and to give an upper bound on the size of the quotient
of Br(D) by the image of Br(Q). This built upon earlier work of Ieronyomou [9], who gave a
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sufficient condition for the 2-primary part of the Brauer group of a diagonal quartic surface
over Q to be algebraic. In [10], Ieronymou and Skorobogatov went on to use the results of [25]
and [11] to compute the odd order torsion in the quotient of Br(D) by the image of Br(Q) for
a diagonal quartic surface D over Q.

In this paper, we use the results of [25] to compute the transcendental part of the Brauer
group for abelian surfaces of the form E x E where E/L is an elliptic curve with complex
multiplication by the ring of integers Ok of an imaginary quadratic field K.

Skorobogatov and Zarhin [24] proved that for X an abelian variety or K3 surface,
Br(X)/Br1(X) is a finite abelian group. Therefore, computing Br(X)/Br; (X) is equivalent to
computing its ¢-primary part (Br(X)/Bry (X)) for every prime number ¢. To a pair (E,{)
consisting of an elliptic curve E defined over a number field L, with complex multiplication by
Ok, and a prime number ¢, we associate an integer m(¢) (Definition 1) which can be calculated
using class field theory (Proposition 2.2). We write 'y, for the absolute Galois group of L. We
denote the n-torsion subgroup of an abelian group A by A,,. For an elliptic curve E/L, we
write E, for the n-torsion points of E defined over an algebraic closure of L.

THEOREM 1.1. Let ¢ € Z~o be an odd prime and let m = m(¢). Then

< Br(E X E) ) - BI'(E X E)Zm _ EndFL E[m ~ (Z/Em)2 lfK C L
Bri(E X E) ), Bri(ExE)m (Ox @Z/™)Tr — | Z/ 0™ if K¢ L.

For brevity, here we state only the result for odd primes. The results for all primes can
be found in Theorems 2.5 and 2.9. In Theorems 2.6 and 2.8, we give a similar description
of the (-primary part of Br(E x E)'t for every prime ¢. One can apply these results to gain
information about the transcendental part of the Brauer group for a wider class of varieties.
If 7: X --» Y is a dominant rational map of degree d between K3 or abelian surfaces over L,
then by the proof of [10] Corollary 2.2, it induces a surjective map of I';-modules

7" : Br(Y) — Br(X)

whose kernel is annihilated by d. Thus, if £ is prime and coprime to d, then

Br(Y) V'L — Br(X)LL
(Bh(Y))goc — Br(Y),& = Br(X),%.

The following examples are of interest. Suppose that F/L has complex multiplication by O.

(1) Y = E x E where E’'/L is an elliptic curve which is isogenous to E over L. Take ¢
coprime to the degree of the isogeny.

(2) Y =F x E' where E'/L is an elliptic curve with complex multiplication by a non-
maximal order O C Ok. Take £ coprime to the index [Ok : O]. This is because there is
an isogeny of degree [Of : O], defined over L, from E’ to an elliptic curve over L with
complex multiplication by Og.

(3) Y = Kum(E x E), the K3 surface which is the minimal desingularisation of the quotient
of E x E by the involution (P, Q) — (=P, —Q).

More is known for a Kummer surface X = Kum(E x E). By Proposition 1.3 of [25], there
is an isomorphism of I'j-modules

Br(X) — Br(E x E)

and therefore
Br(X)'t =Br(E x E)'x.
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By Theorem 2.4 of [25], for every n € Z~¢ there is an embedding
Br(X),/Bri(X), — Br(E x E),,/Br1(F x E), (1.1)
which is an isomorphism if n is odd. So for £ an odd prime,
(Br(X)/ Bry (X)) = (Br(E x E)/Bri(E x E))e. (1.2)

Examples involving K3 surfaces are important for applications because for abelian varieties
with finite Tate-Shafarevich group, any Brauer-Manin obstruction can be explained by the
algebraic part of the Brauer group, see §6.2 of [23]. However, for K3 surfaces the transcendental
part of the Brauer group can play an essential role in the Brauer-Manin obstruction. Examples
of this are given in [9], [8], [20] and [10]. We give another example in Theorem 1.3 below. We
focus on elliptic curves with a transcendental element of odd order in Br(E x E) because this
will give rise to a transcendental element in the Brauer group of Kum(E x E).

THEOREM 1.2. Let E/Q be an elliptic curve with complex multiplication by Ok such
that Br(E x FE) contains a transcendental element of odd order. Then E has affine equation
y? = 2% + 2¢ for some ¢ € Q*. Moreover, for X = Kum(E x E) we have Bry(X) = Br(Q) and

Br(X)/Br(Q) = Br(X)s3/Br(Q)s = Br(F x E)3/Bri(E x E)s 2 7Z/3.

For c € Q%, let E° denote the elliptic curve over Q with affine equation y? = x> + 2¢3. Let
X = Kum(E* x E€) denote the Kummer surface, which is independent of the choice of ¢ € Q*.
One consequence of Theorem 1.2 is that the algebraic elements of Br(X) do not produce a
Brauer-Manin obstruction. The following theorem shows that a transcendental Brauer element
gives rise to a Brauer-Manin obstruction to weak approximation on X.

THEOREM 1.3. Let A € Br(X); \ Br(Q). Let v be a place of Q. Then the evaluation map
eva, : X(Qy) = Br(Qy)s

is surjective for v = 3 and zero for every other place. Consequently,

X(Ag)P ) = X(@3)0 x X(R) x [[ X(Q) € X(Ag)
143
where X (Qs3)o denotes the points P € X (Q3) with ev 4 3(P) =0, and the product runs over
prime numbers £ #£ 3.

The structure of the paper is as follows. Section 2 is devoted to the computation of the
transcendental part of the Brauer group of E x E for a CM elliptic curve E. Section 3 contains
applications of these results to special cases and explicit examples. The proof of Theorem 1.2
is carried out in Section 4. In Section 5, we compute the Brauer-Manin obstruction to weak
approximation on Kum(E x F) for E/Q (a quadratic twist of) the elliptic curve with affine
equation y? = 3 + 2, leading to a proof of Theorem 1.3.

NOTATION AND CONVENTIONS. We fix the following notation.

K an imaginary quadratic field
Ok the ring of integers of K
Ak the discriminant of K

Hy the Hilbert class field of K

h(Ok) the class number of Ok, h(Ok) = [Hg : K]
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L a number field
L an algebraic closure of L such that Hx C L
I'r the absolute Galois group of a field F’
L the group of nth roots of unity
Cn a primitive nth root of unity
E an elliptic curve over L with complex multiplication by Ok
E the base change of Eto L, E = E x, L
E, the n-torsion points of E defined over L
E,(F) the n-torsion points of E defined over a field extension F' of L
Kum(FE x FE) the K3 surface which is the minimal desingularisation
of the quotient of E x E by the involution (P, Q) — (—P, —Q)
fa/p the residue class degree fq/, = [On/q : Op/p] for a prime g in

a number field M lying above a prime p in a subfield F' C M.

For any ¢ € Z~, we use the following notation.

(5 the order Z + ¢cOg of conductor ¢ in Ok
K. the ring class field corresponding to the order O..

Specifically, let I (c) denote the group of fractional Og-ideals coprime to ¢, and let Pk z(c)
be the subgroup generated by the principal ideals aOk where a € O, and « is coprime to
c. Then K, is defined to be the extension of K that corresponds under class field theory to
Py z(c). The Artin map gives an isomorphism I (¢)/ Pk z(c) = Gal(K./K). In particular, we
will make use of the ring class fields K;» for a prime number ¢ and n € Z>(. They enjoy the
following properties which will be needed later.

(i) Kp = Hg,
(11) K C Kpnt1 for n >0,

(iii) the degree [Ky» : K| tends to infinity as n tends to infinity.

For more details on ring class fields, see [3] for example.

For an abelian group A and an integer n € Z~o, we write A, for the elements of order
dividing n in A. For a prime number ¢ € Z~(, we write Ay for the ¢-primary part of the
abelian group A.

For x € R, let |z, [#] denote the floor and ceiling of x respectively.

2. Transcendental Brauer group computations

2.1. Preliminaries

Let L be a number field and let I';, denote its absolute Galois group. In [25], for A = E x E’
a product of elliptic curves defined over L and for every n € Z~, Skorobogatov and Zarhin
gave a canonical isomorphism of I';-modules

Br(A),, = Hom(E,, E,)/(Hom(E, E') ® Z/n) (2.1)
and a canonical isomorphism of abelian groups
Br(A),/Bri(A), = Homr, (E,, E!)/(Hom(E, E") @ Z/n)"'*. (2.2)

They used this concrete description of the transcendental part of the Brauer group to give
many examples for which Br(A)/Br;(A) is trivial or a finite abelian 2-group.

From now on, we fix an elliptic curve E/L with complex multiplication by Ok . We begin with
a simple observation which enables us to use (2.2) to compute (Br(E x E)/Bri(E X E))e.
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LEMMA 2.1.  Let X be a smooth, projective, geometrically irreducible variety over a number
field. Then for any prime number ¢, we have

(Br(X)/Bri(X))ee = Br(X)ge/Bri(X)ge.

Proof. Since X is smooth, Proposition 1.4 of [6] tells us that Br(X) is a torsion abelian
group. It follows that the natural inclusion

Br(X)ge /Bri(X)ge — (Br(X)/Bri(X))e

is an equality. |

To each prime number ¢ € Z~o we associate an integer m(¢) which will appear in our
description of the ¢-primary part of the transcendental Brauer group of E x E. In order
to define m(f), we use the Grossencharacter ¢ g x; of E considered as an elliptic curve
over KL. Recall that g,k is unramified at the primes of KL of good reduction for
E. Therefore, for such primes we write g, 1,(q) for the evaluation of ¢ g/ at an idele
(...,1,1,mg,1,1,...) € A, where the entry 74 at the prime q is a uniformiser at g.

DEFINITION 1. For a prime number £ € Z~, let m(¢) be the largest integer k such that for
all primes q of KL which are of good reduction for £ and coprime to ¢, the Grossencharacter
Vg /K1, satisfies

Vp/kr(a) € Op = Z+ £FOk.

We define an auxiliary integer n(£) which aids computation of m(¢) and in most cases removes
the dependence on the Grossencharacter.

DEFINITION 2. For a prime number ¢ € Z~¢, let n(¢) be the largest integer k for which the
ring class field Ky of the order Oy« embeds into K L.

PrOPOSITION 2.2. Let £ € Z~¢ be prime. Then
m(l) < n(f)
with equality if Oy = {£1} (in other words, if K ¢ {Q(7),Q({3)}).

Proof. Write m = m(f) and n = n(¢). Let S be the set of primes v of KL that satisfy at

least one of the following five conditions:
(i) v oo,

(i) ¢ |,

(iii) E has bad reduction at t,

(iv) v is ramified in K1 L/K,

(v) YE/kL(t) & Opnir.
Suppose for contradiction that m > n + 1, and hence S is a finite set. Then, since Kyn+1 ¢ KL,
Exercise 6.1 of [2] tells us that there exists a prime q of KL with q ¢ S which does not split
completely in Kynt1 L/KL. Let p = qN Of. Let f,/, denote the residue class degree of q over p,
fasp = [Okr/q: Ok /p]. By Theorems 9.1 and 9.2 of [22], the Grossencharacter v,k sends
q to a generator of the principal ideal Nk /x(q) = pfase. Consider the following diagram of
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field extensions.
Ky L

N

K[n+1 q

/

Recall that, given an abelian extension of number fields M /N and a prime ideal v of Oy that
is unramified in M/N, the Artin symbol (v, M/N) is the unique element o € Gal(M/N) such
that for all o € Oy,

o(a) = a™rel®  (mod s)

where s is a prime of M above t. In our case, Nir,/0(dq) = Nx/o(Nxr/x(d)) = Ni/g(p)fa/r.
Therefore, the restriction of the Artin symbol (q, Kpnr1L/KL) to Kn+1/K (in other words,
its image in Gal(Kyn+1/K)) satisfies
RGSKW’_H/K(C[, K@n+1L/KL) = (p, KgnJrl/K)fq/" = (pf‘”p , Kypnt1 /K)
= ((Ve/kr(q)), Kpmir / K).

Since q ¢ S, we have ¥, 1,(q) € Opni1 and hence

(Ve /rL(a)), K1 /K) =1
by definition of the ring class field Kyn+1. But this implies that
Resk,, ., /kx (9, K+ L/KL) =1
and therefore
(49, Kpnhn L/KL) = 1.

This is a contradiction because q does not split completely in Kyn+1 L/K L. Therefore, m < n.
It remains to show that m =n when O} = {£1}. From now on, suppose that O} = {£1}.
Let q be a finite prime of KL of good reduction for E which is coprime to £ and unramified in
KL/K.Let p=gN Ok and let s = qN Ok, . The Artin symbol (p, K¢ /K) has order f,/, in
Gal(Kn /K). Since K C K¢ C KL, we have f;/, | fq/p, whereby

1= (p, Ken /K) 70 = (p?0/7 K | K) = (Nic 1/ (0), Ken / K.
By definition of the ring class field Ky», this implies that
Nkr/r(q) = aOk

for some o € Ogn. But v, k1 (q) is a generator of N,k (q) and Of = {£1} so this implies
that Vg k1 (q) € O, as required. O

REMARK 1. Class field theory gives [K.: K| = h(O.), where h(O.) denotes the class
number of the order O,. The following formula for h(O.) can be found in [3], Theorem 7.24,
for example.

K, : K] = h(O,) = MH@_ (%)%) (2.3)

where the product is taken over the prime factors of ¢. The symbol ( m K ) denotes the Legendre
symbol for odd primes. For the prime 2, the Legendre symbol is replaced by the Kronecker
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symbol (ATK), defined as
0 if2]Ag
A
(TK) =<1 ifAg=1 (mod38)
-1 if Ak =5 (mod ).

If Koo C KL, then [Kyx : K] divides [KL : K]. Thus, in any given example, (2.3) allows
one to identify a finite set of primes S such that m(¢) = n(¢) =0 for all £ ¢ S. For a prime
¢in S, (2.3) gives an upper bound for n(¢), and therefore also an upper bound for m(¢). For
K € {Q(i),Q(¢3)}, one must examine the Grossencharacter in order to compute m(¢). For
explicit descriptions of Grossencharacters for elliptic curves with complex multiplication by
Q(i) or Q((3), see [21] Theorems 5.6 and 5.7 respectively.

In Sections 2.2 and 2.3, we will use the isomorphisms (2.1) and (2.2) to compute the ¢-primary
part of the transcendental Brauer group of E X F in terms of endomorphisms of the /-power
torsion of E. For this, we will need two auxiliary lemmas. Before stating the first lemma, we
note that since End E = Ok, there is a natural map Ok ® Z/¢* — End E;». The injectivity of
this map follows from the fact that the ¢-adic Tate module Ty(FE) is a free Ok ® Zs-module of
rank 1. (For a more general fact about abelian varieties, see Proposition 2.2.1 of [19].) Thus,
we may view Ok ® Z/(* as a subring of End Ej.

LEMMA 2.3. Let £ € Z~( be prime, let k € Z>q and let
(End Epe )" = {¢p € End Epr | 92 = x9p Vo € Ok}

Then, viewing O ® Z/¢* as a subring of End Ex, we have

(End Ep )t = Ox @ Z/0",

Proof. As an abelian group, Ey = (Z/¢*)2, and therefore End Epx =2 Mo (Z/¢*). The proof
comes down to an easy calculation with two-by-two matrices with entries in Z/¢*. |

LEMMA 2.4. Let { € Z~¢ be prime and let m = m({). Let k € Z>o and let ¢ € End Ex.
Then
(i) The class of ¢ in End Ep /(O ® Z/0*) is fixed by 'y, if and only if for all x € Ok,

(™(zp — px) € (End Ep)" = Ox @ Z/F.
(ii) The endomorphism ¢ is fixed by 'k, if and only if
(Mo € (End Ep)t = Ox @ Z/ 5.

Proof. The action of I'x; on End E, factors through the abelian Galois group
Gal(KL(Eym)/KL). Let q be a finite prime of KL which is coprime to ¢ and of good reduction
for E. The Néron-Ogg-Shafarevich criterion tells us that q is unramified in KL(Esm)/KL.
Since E has complex multiplication by O, the Artin symbol (q, KL(Esx)/KL) acts on Eyx
as multiplication by 1 g,k (q). For a proof of this fact, see [13], Ch. 4, Corollary 1.3 (iii), for
example. Therefore, the action of (q, K L(Ey)/KL) on End(Eyx) is conjugation by v,k 1.(q).
The Artin symbols for the unramified primes generate Gal(K L(E,.)/KL).

Let a = (Ag +VAk)/2, so Ok = Z[a]. Let a,b € Z be such that a + ba is invertible in
Ok @ Z/lF. Let ¢ € End Ejx. We have

(a + ba)p — p(a+ ba) = blap — pa).
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Hence, the class of ¢ in End Ep /(O ® Z/€%) is fixed by conjugation by a + ba if and only if
b(agp — pa) € O @ Z/1* (2.4)

and ¢ is fixed by conjugation by a + ba if and only if
blap — pa) = 0. (2.5)

Recall that m = m(¥¢) is the largest integer ¢ such that for all finite primes q of KL which
are of good reduction for E and coprime to £,

VE/kp(q) € Op =Z + 'Ok

In other words, for a prime q which is unramified in KL(Eyx)/KL, we can write
Ye/k(q) = a+ba for some a,b € Z with orde(b) = m. Hence, by (2.4), the class of ¢ in
End Ep /(O ® Z/%) is fixed by Tk, if and only if

(o — pa) € Oxg QL)L
By (2.5), the endomorphism ¢ is fixed by 'k, if and only if
M (ap — pa) = 0.

An application of Lemma 2.3 completes the proof. ]

2.2. Case I: Complex multiplication defined over the base field.

In this subsection, we compute the transcendental Brauer group of £ X E in the case where
the complex multiplication field K is a subfield of L, the field of definition of E.

THEOREM 2.5. Suppose that K C L. Let { € Z~¢ be prime and let m = m(¢). Then

(BdExE)) Br(E x E)gm End Egn
VAS)

— _ ~ m\2
BI’l(E X E) o Bl"l(E X E)gm o OK ®Z/€m o (Z/z ) '

Proof. By (2.2), for all primes ¢ and all k € Z>(, we have

BI‘(E X E)gk B EndpL Egk
BI‘l(E X E)Zk n Ok ®Z/€k

Also,
End E@k kN2
X (7)),
O @7,/ (Z/%)
The result now follows from Lemma 2.4, part (ii). O

THEOREM 2.6. Suppose that K C L. Let { € Z~¢ be prime and let m = m(¢). Then

End Bymroragaro/a | -
O ® Z/ngr(ordg(AK)/Q]
o~ Z/eerl_ordz(AK)/Qj « Z/[er(ordg(AK)/ﬂ.

mwxmg:(

In particular, if £ t Ak then

End Egm

BI‘(F X E)EJE = W

~ (Z/m)2.
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Proof. Fix a prime number ¢ € Z~( and let k € Z>¢. By (2.1), we have

End B \'*
O ® Z/fk

Write Ok = Z]a] where o = (A + vAk)/2 and let ¢ € End E,. By part (i) of Lemma 2.4,
the class of ¢ in End Egx /(O ® Z/¢%) is fixed by ', if and only if

(Mg — pa) € Ok @ L/1F. (2.6)

Be(E x B)Lr — (

Let P,aP be a Z/¢*-basis for Ey. With respect to this basis, multiplication by « is given by

the following matrix:
Ag(1-A
0 K ( . K) '
1 Ak

Subtracting an element of O ® Z/¢* if necessary, we may assume that ¢ is of the form

G )

for some ¢,u € Z/¢*. In terms of matrices, equation (2.6) becomes

I N A A N
—{My e b a-+bAg

for some a,b € Z/¢*. The resulting equations reduce to
Ar(1 - Ak)
2

We have ords(Ak) € {0,2,3} and for an odd prime ¢, ord;(Ag) € {0,1}. Thus, (2.7) can be
summarised as

2t =A" At =M Agu =0T u=0 (mod ¢*). (2.7)

€m+Lordz(AK)/2jt = £m+]'ordg(AK)/2‘\u =0 (mod Ek)

Therefore,
Br(E x E)goi = Br(E x E)%Hord@wkwﬂ

B End Epm+rordpag) /2 Tz
— OK ®Z/£m+|'ordg(AK)/2]
~ Z/ngrLordg(AK)/QJ % Z/gm‘H'OYde(AK)/Q].

O

REMARK 2. The fact that (Br(E x E)/Bri(E x E))g~ = Br(E x E)}% for {1 Af also
follows from Proposition 5.2 of [5]. A computation of the relevant intersection pairing shows
that the cokernel of the map Br(E x E)/Bri(E x E) < Br(E x E)'t is annihilated by the
discriminant of K.

2.3. Case II: Complex multiplication not defined over the base field.

Throughout this subsection, we make the assumption that K ¢ L. We write 7 for an element
of T \Tkr. We set o = (A + VAk)/2, so O = Z[a].

LEMMA 2.7. Suppose that K ¢ L. Let { € Z~q be prime and let k € Z>. Let a,b € Z and
consider (a + ba)T as an element of End Fy.. Then
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(i) The class of (a + ba)T in End Egp /(O ® Z/*) is fixed by Ty, if and only if
orde(a), orde(b) > k — m(¢) — orde(Ak).
(ii) The class of (a + ba)7 in End Epx /(Ox @ Z/¢F) is fixed by 7 if and only if
ordg(b) > k — ords(Ak).
(iii) We have (a + ba)7 € (End Ep )t = Ok ® Z /% if and only if
orde(a) > k — |ords(Ak)/2]
and ordy(b) > k — [ord,(AK)/2].
(iv) We have (a + ba)T € Endr,, Ep if and only if
orde(a) > k — m(¢) — |orde(Ak)/2]
and ordy(b) >k —m(¢) — [orde(Ak)/2].
(v) The endomorphism (a 4 ba)7 is fixed by the action of T if and only if
orde(b) > k — |ords(AK)/2].

Proof. Write m = m(¢).
(i) By part (i) of Lemma 2.4, the class of (a + ba)7T in End Ep /(O @ Z/0F) is fixed by
Tk if and only if

" (a+ ba)(ar — 1a) = L™\/Ak(a+ba)r € (End Ep) ™. (2.8)

By the definition of (End E.x)t, (2.8) shows that the class of (a+ba)r in
End Epx /(O ® Z/*) is fixed by Tk, if and only if

"/ Ak (a+ ba)(ar —Ta) =M Ak (a+ba)r =0 (mod £F).
(ii) The class of (a + ba)7 in End Epx /(Ox @ Z/0F) is fixed by 7 if and only if
(a+ba)r —7(a +ba)r7 ! = b\/AxT € O @ L/ (2.9)
By Lemma 2.3, Ok ® Z/¢* = (End Eg)*. So, by (2.9) and the definition of (End Ex)*,
the class of (a + ba)7 in End Epx /(O ® Z/0%) is fixed by 7 if and only if
ab\/ AT —b\/AxTa =bAgT =0 (mod Ek).
(iii) By definition of (End Ey )™, we have
(a+ba)r € (End Ep)™ <= (a+ba)(ar —1a) =0 (mod £F).
Expanding (a + ba)(ar — Ta) gives
bAK(l —Ag)
2
The conditions of part (iii) are precisely those arising from
Ag(l— Ak)
2
(iv) By part (ii) of Lemma 2.4,

(a +ba)T € Endr,., Ex <= (™(a+ba)T € (End Ep)™.

(a+ba)(ar — Ta) = ( fAKa+(2a+bAK)a>T.

b — Aga=2a+bAx =0 (mod ().

Now apply part (iii) of Lemma 2.7.
(v) The endomorphism (a + ba)7 is fixed by the action of 7 if and only if

(a4 ba)T —7(a+ba)T7 ! =b\/ArgT =0 (mod ¢F). (2.10)
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It is easily seen that by/Ax =0 (mod ¢*) if and only if
orde(b) > k — |ordy(Ak)/2].
O

THEOREM 2.8. Suppose that K ¢ L and let { € Z~o be prime. Let m = m({) and let
k =m + ordy(Ak). Let @ denote the image of T in the quotient group End Egp /(O ® Z/(%).
Then

Br(E x E)} X" = Okf
and
N — 7./ 0% if { is odd or £+ A
Br(E x E)[% = Opmf = / o ifLis odd or £f A
Z)21 x Z)2 if€=2 and 2| Ag.

Proof.  Since ord¢(Ag) > [ords(Ak)/2], applying Theorem 2.6 to KL gives
Br(E x E),X* = Br(E x E)}}* = (End Ep /(O ® Z/0F))T<x (2.11)
~ Z/€m+Lordg(AK)/2j ~ Z/€m+]'ord[(AK)/2'| ) (212)

By part (i) of Lemma 2.7,
Ox0 C (End Ep /(O @ Z)0%))Txr,
Using part (iii) of Lemma 2.7 to count the number of elements in O g6 and comparing to (2.12)
gives
Ox0 = (End Ep /(O @ Z/0F))TxL
Now part (ii) of Lemma 2.7 shows that
Oy = (End Ep /(O @ Z/0F))FE.

Moreover, since ord;(Ag) < 1 for an odd prime ¢, part (iii) of Lemma 2.7 gives Oym 0 = Z, /0% if ¢
isodd or £ Ag. If £ =2 and 2 | Ak, then part (iii) of Lemma 2.7 gives Qgm0 = Z/2F~1 x 7,/2.
O

THEOREM 2.9. Suppose that K ¢ L and let { € Z~q be prime. Let m = m(). Let n denote

the image of T in the quotient group End Eym /(O @ Z/¢™). Then
Br(E x E) Br(E x E)pm Endr, Egn
2 = = =(Z/m)y=z/em
(Brl(E X E))Zw Bri(Ex Eon (O @ 2jtmyTe — B/ m=2/

unless £ = 2,2 | Ag, m > 1 and Ey = Es(L), in which case

M _ Br(E x E)gm+1  Endp, Eymi
Bri(E x E) /e C Bri(E x E)gmir (O @ Z/2m+1)T'L
>7/2™ X Z]2

where the copy of Z/2™ is generated by the image of T.

Proof. Let k=m+ ordy(Ak) and let 6 denote the image of 7 in the quotient group
End Epx /(Ok ® Z/€%). Then

- = E E)r - m .
Bry (5 B~ BT X BVt = O, (2.13)
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by Theorem 2.8. For all t € Z>y,

BI‘(E X E)gt _ Ener E[t N EndFKL EZt (2 14)

Bl"l(E X E)gt - (OK ®Z/€t)FL Ok ®Z/€t ' '
First suppose that £ is odd or £1 Ag. Then (2.13) and (2.14) combined with Theorems 2.5 and
2.8 show that

Br(E x E)
(Brl(E < E)

Consider 7 as an element of End Eym. By parts (iv) and (v) of Lemma 2.7, 7 € Endr, Egm.
By part (iii) of Lemma 2.7, n has order £™ in

EHdFL E[vn/(OK X Z/ém)FL = Br(E X E)[m/Brl(E X E)gm.
Hence, by (2.15),

)Zm < 7)™, (2.15)

Endr‘ Egm Br(E X E)
)™ = L —( )
(Z/¢")n (Oxk @Z/e™)e Bri(E X E)/ ¢
Now suppose that £ =2 and 2 | Ag. If m(2) =0, then (Br(E x E)/Bri(E X E))ae =0,
by (2.14) and Theorem 2.5 applied to K L. So we assume from now on that m = m(2) > 1.
Theorems 2.5 and 2.8 combined with (2.13) and (2.14) show that

( Br(E x E)

Bri(E x E)
By parts (iii), (iv) and (v) of Lemma 2.7, the image of 7 generates a copy of Z/2™ inside
Endr, Fym+1 /(O @ Z/2"+ ) = Br(E x E)gmi1/Bri(E x E)gm+1. Therefore, (2.16) shows
that (Br(E x E)/Bri(E X E))2e is isomorphic to either Z/2™ or Z/2™ X Z/2.
First suppose that Es = F5(L). Then I'y, acts trivially on F5 and hence

BI(E X E)2 EDdFL E2 End Eg

) < Z)2™ X 7,/2. (2.16)

= - > 7,/2 x 7,/2.
Br(ExB)  Or 0z  Oxezp - 22
Therefore,
Br(E x E) Br(E % E)gmr
=~ " /2 ~7/OM X 7/2.
(Brl(E X E))Qw Bry(B x E)gnr L2 > 2/

Now suppose that Fy # E5(L). By Theorem 2.8,

'L
B = (202 Vo,

Ok ® Z/Qk
and, in particular, for any ¢ € Z>¢ the natural injection
End Eye \'* End Egere \'*
Ooml = | ——— SN 2.17
2 <0K®Z/2k> Ok ® Z]2k+t (2.17)

induced by multiplication by 2! on Esk++ is an isomorphism. Let ¢ € Endr, Fort+ for some
t € Z>¢. We have

Endr, Egitt ( End Egr+e )FL 2.18)

(0K®Z/2k+t)1‘L 0K®Z/2k+t

Since 2 | Ak, we can write O = Z[v/—d] where Ag = —4d. Since the injection in (2.17) is an
isomorphism, we can use (2.18) to write

o =22+ 2"yvV—d)T + 2 + wv—d (2.19)

for some x,y, z,w € Z/2*+t. Here we abuse notation slightly by using 7 to denote the image
of 7 in Endr, Esk+:. Since ¢ is fixed by 7, we have

2v/—d(2™ Ty +w) =0 (mod 28T,



BRAUER GROUPS OF PRODUCTS OF CM ELLIPTIC CURVES Page 13 of 22

Multiplying by v/—d and recalling that k = m + ords(Ax) = m + orda(d) + 2, we see that
2™t yr +w=0 (mod 2™+ F1),
Therefore, w = 2™ty for some u € Z/2¥ and we have
yT+u=0 (mod 2).

Suppose for contradiction that y £ 0 (mod 2). Then 7 acts as multiplication by a scalar on
Fs. Furthermore, since 7 is invertible, this scalar cannot be zero and therefore must be 1. In
other words, 7 acts as the identity on Es. Furthermore, since m(2) > 1, I';, acts trivially on
E5 and hence Ey = E5(L), giving the required contradiction. Therefore, y = 0 (mod 2) and we
can write y = 2v for some v € Z/2¥* and substituting into (2.19) gives

o =2z + 2™ oV —d)T + 2 + wV—d. (2.20)

Now part (iii) of Lemma 2.7 shows that 2¢+m+1\/—dr € O ® Z/2%**. Thus, (2.20) shows that
the class of ¢ in (End Eyxre /(O ® Z/28T))I'2 is represented by 2‘z7. But ¢ was arbitrary
and (2.18) is injective, hence Endr, Eort:/(Ox @ Z/28F4)I'L is a cyclic group. Therefore,

( Br(E x E) ) Br(E X E)gm+1

L) = T g om
BI‘1 (E X E) Brl(E X E)Qm+1 /

3. Special cases and examples

We retain the notation and conventions of Section 2. In particular, L is a number field and
E/L is an elliptic curve with complex multiplication by O-.

THEOREM 3.1. Suppose that L C Hyg, where Hg denotes the Hilbert class field of K. Let
¢ € Z~o be prime. Then m({) = n(f) = 0, except in the following special cases where n({) = 1:
(i) K =Q(¢3) and £ < 3,
(i) K =Q(4) and £ = 2,
(i) Axg =1 (mod 8) and ¢ = 2.
Consequently, if O} = {£1} and Ag # 1 (mod 8), then

Br(E x E) = Bry(E x E).

Proof. Let j(E) denote the j-invariant of the elliptic curve E. Since E is defined over
L, we have Q(j(FE)) C L. The theory of complex multiplication tells us that K(j(F)) = Hg.
Therefore, [KL : K] = [Hg : K| = h(Ok). Using the formula for the degree of a ring class
field, as given in (2.3), we see that in every case, [Kp2 : K| > h(Og) so n(¢) < 1. Furthermore,
[K,: K] > h(Ok) except in the special cases (i), (ii) and (iii) of the theorem. The rest follows
immediately from Proposition 2.2 and Theorems 2.5 and 2.9. |

REMARK 3. Since K(j(E)) = Hg, the hypothesis L C Hg holds precisely when L = Hy
or L =Q(j(E)).

If O} = {£1}, then Proposition 2.2 allows us to calculate m(¢) for all primes £ € Z~¢, and
hence compute the transcendental part of Br(E x FE). On the other hand, if K € {Q(7),Q((3)},
then Proposition 2.2 only tells us that m(¢) < n(¢) for all primes ¢ € Z~(. The following two
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propositions deal with K = Q(i) and K = Q((3), and in each case give sufficient conditions
which allow us to conclude that m(¢) = 0.

PROPOSITION 3.2. Let £ € Z~q be an odd prime. Let K = Q(). Suppose that there exists
a finite prime q of KL satisfying all of the following conditions.
(i) q is coprime to 2¢,
(ii) E has good reduction at q,
(iii) fs/p | fq/p, where p =qN O and s is a prime of Koy above p,
)

i
(iv) ¥p/xL(a) ¢ Os.
Then m(¢) = 0, and hence

(Br(E x E)/Bri(E x E))~ = Br(E x E)jt = Br(E x E);X* = 0.

Note that condition (iii) is trivially satisfied if Koy C K L.

Proof. Let q be a finite prime of KL satisfying conditions (1)—(4). Let p and s be primes as
described in condition (iii). The Artin symbol (p, K2,/ K) has order f;/, in Gal(Ka/K). Since
Js/p divides fq/,, we have

1= (p, Kog/K) arv = (pfarv | Koy /K) = (Nep /1 (q), Koo/ K).

By the definition of the ring class field K5y, this implies that

Nkr/k(q) = (a)

for some a € Oy. Now g/ kr(q) is a generator of Nir/x(q) but ¢¥g/xr(q) ¢ O2 by the
hypothesis, so Vg, 1,(q) = £ia. Therefore, Y g, k1 (q) ¢ Or, and hence m(£) = 0. O

PrOPOSITION 3.3. Let K = Q((3) and let £ € Z~( be prime with £ # 3. Suppose that there
exists a finite prime q of KL satisfying all of the following conditions.
(i) q is coprime to 3¢
(ii) F has good reduction at q,
(iii) fo/p | fq/p, where p =qN Ok and s is a prime of K3, above p,
)

i
(iv) YE/kr(a) ¢ Os.
Then m(¢) = 0 and hence

(Br(E x E)/Bri(E x E))~ = Br(E x E)jt = Br(E x E);X* = 0.

As before, condition (iii) is trivially satisfied if K3y C KL.

Proof. The strategy is the same as for Proposition 3.2. ]

ExaAMPLE 1. Let E be the elliptic curve over Q with affine equation
vy =2 — 2% — Tz +10.
By [14], E has complex multiplication by the ring of integers of K = Q(1/—11). Theorem 3.1
tells us that m(£) = n(¢) = 0 for every prime ¢ € Z~ and therefore
Br(E x E) = Bri(E x E).
Let 6 denote the image of complex conjugation in End F11 /(O ® Z/11). Then Theorem 2.8
gives
Br(E x E)'evv=1) = Br(E x E)'® = Ok = Z/11.
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ExXaMPLE 2. Let E be the elliptic curve over Q with affine equation
y? =2 — Dz
where D € Z\ {0}. Then End E = Z[i]. Let K = Q(¢). For any odd prime ¢ € Z+~, Theorem 3.1
gives
(Br(E x E)/Bry(E x E)) = Br(E x E),2 = Br(E x E)}% =
Theorem 3.1 tells us that n(2) = 1. We must compute m(2). By Proposition 2.2, m(2) < n(2).

Let q be a finite prime of Z[i] that is coprime to 2D. Let mq € Z[i] be the unique generator of
q such that 7y =1 (mod (2 + 27)). Exercise 2.34 in [22] shows that

VYe/k(9) = (fq) Tq

4

where (-)4 denotes the quartic residue symbol on Z[i].

First suppose that D is a square in Z[i]. Then for all finite primes q which are coprime to 2D,
YE/K(q) = 74 € Oz and therefore m(2) = 1. Let 6 denote the image of complex conjugation
in End Eg/(Z[i] ® Z/8). Applying Theorems 2.8 and 2.6, we see that

Br(E x E)'% =Br(E x E)yX = Z[i|§ = Z/4 x Z/4
and Br(E x E)'¢ =Br(E x E)y2 = 020 2 7/4 x /2.
Applying Theorem 2.9, we see that
Br(E x E) Br(E x E)4 Endr, £y

Bri(Ex E) Bri(ExE)y (Z[i]®Z/4)Te
~ {Z/Q x Z/2 if D is a square in Z

72 if D is not a square in Z.

Now suppose that D is not a square in Z[i]. By [2], Exercise 6.1, there exist infinitely many
finite primes q of K coprime to 2D such that D is not a square modulo gq. For such q, we
have g/ (q) = +imq and therefore 1,k (q) ¢ O2. Consequently, m(2) = 0. Let 1 denote the
image of complex conjugation in End E4/(Z[i] ® Z/4). Then Theorem 2.8 gives

Br(E x E)'* =Br(E x E)'° = Z[iln=7/2 x Z/2
and Theorem 2.9 gives Br(F x E) = Br;(E x E).

ExXAMPLE 3. Let E be the elliptic curve over Q with affine equation
y2 _ x?) + D

where D € Z \ {0}. Then End E = Z[(3], where (5 denotes a primitive 3rd root of unity. Let
K = Q(¢3). For any prime ¢ > 3, Theorem 3.1 tells us that m(¢) = 0 and therefore

(Br(E x E)/Bry(E x E))~ = Br(E x E),2 = Br(E x E)}x = 0.

It remains to compute m(¢) for £ < 3. For ¢ < 3, Theorem 3.1 gives m(¢) < 1. Let q be a finite
prime of K that is coprime to 6D. Let mq € Z[(3] be the unique generator of q which satisfies
mq =1 (mod 3). By [22], Ch. II, Example 10.6, the Gréssencharacter attached to E/K is given

by B
V() = (‘*D) . (3.1)
6

Tq

where ()¢ denotes the sextic residue symbol on Z[(3].
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Computing m(2) By the cubic reciprocity law (see Theorem 7.8 of [12], for example),

4 2 Tq _
o

where (:)3 denotes the cubic residue symbol on Z[(3]. Substituting (3.2) into (3.1) gives

A —1 D —1 D —1
Ye/k(q) = (ﬂ) <7r> Tq = <7r ) (mod 2). (3.3)
/6 /6 9/ 6

First, suppose that D is a cube in Z (equivalently, D is a cube in Z[(3]). Then (7%)6 =41
and (3.3) shows that 15/ (q) € O for all finite primes q that are coprime to 6D. Therefore,
m(2) = 1.

Now suppose that D is not a cube in Z. By [2], Exercise 6.1, there exists a finite prime q
of K coprime to 6D such that D is not a cube modulo q. For such g, (%)6 # +1, and (3.3)
shows that g,k (q) ¢ Oa. Therefore, m(2) = 0.

Computing m(3) First suppose that 4D is a cube in Z. Then (3.1) shows that for all finite
primes q which are coprime to 6D, Vg, (q) = £74 € O3. Hence, m(3) = 1.

Now suppose that 4D is not a cube in Z. By [2], Exercise 6.1, there exists a finite prime q
of K coprime to 6D such that 4D is not a cube modulo q. For such g, (%)6 # +1, whereby
YE/k(q) ¢ Oz. Therefore, m(3) = 0.

4. The Brauer group of Kum(E x E)

Let L be a number field and let E/L be an elliptic curve with complex multiplication by an
order O of an imaginary quadratic field K. Let X = Kum(E x E) be the K3 surface which is
the minimal desingularisation of the quotient of E x E by the involution (P, Q) — (=P, —Q).

PROPOSITION 4.1. IfAx =1 (mod 4) and 21 [Ok : O] then
Bri(X) = Br(L)

and therefore there is no algebraic Brauer-Manin obstruction to weak approximation on X.

Proof. By Proposition 1.4 of [25], it suffices to show that H*(L, Q) = 0. Inflation-restriction
gives
0 — HY(Gal(KL/L),0) — H*(L,0) — H'(KL,0) = Hom(T'x 1, Z?) = 0.

Therefore, H(L,0) = H'(Gal(KL/L),0).If K C L then H'(Gal(KL/L),O) = 0, so suppose
that

Gal(KL/L) = (1) 2 Z/2.
Then

H'(Gal(KL/L),0) = {I{i(f) |_x;: ;(? (5}0}

Writing O = Z[fa], where f =[Ok : O] and o = (1 + VAk)/2, gives
{reO|ax+1(x)=0}={r(z)—z |z €O} = f\/Ax - Z.
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By (1.1), the existence of a transcendental element of odd order in Br(F x E) implies that
Br(X) contains a transcendental element. The same cannot be said for transcendental elements
of even order. For this reason, we concentrate on elliptic curves E for which Br(E x E) contains
a transcendental element of odd order.

THEOREM 4.2. Let E/Q be an elliptic curve with complex multiplication by Ok such that
Br(E x E) contains a transcendental element of odd order. Then K = Q({3) and E has affine
equation 3% = 2% 4 2¢3 for some squarefree ¢ € Z. Furthermore,

Br(X)/Br(Q) = Br(E x E)/Br1(E x E) = Br(E x E)3/Bri(E x E)s = (Z/3)1 = Z/3
where 1 denotes the image of complex conjugation in End E3/(Z[(3] ® Z/3).

Proof. Setting L =Q = Q(j(E)) in Theorem 3.1 shows that K = Q((3). Since Z[(3] has
class number 1, F is isomorphic over Q to the elliptic curve E’ with affine equation 3% = 23 + 1.
Therefore, E is the sextic twist of E’ by a class in H'(Q, ug) = Q* /(Q*)°. Consequently, E has
an affine equation of the form y? = 23 4+ D for some sixth-power-free D € Z. Example 3 shows
that m(¢) = 0 for every odd prime ¢ with ¢ # 3. Since Br(E x E) contains a transcendental
element of odd order, we have m(3) # 0. The computation of m(3) in Example 3 shows that
m(3) =1 and 4D is a cube in Z. Now the computation of m(2) in Example 3 gives m(2) = 0.
Thus, the statement on the transcendental Brauer group of E x E follows from Theorem 2.9.
The statement for X = Kum(F x E) follows from (1.1) and Proposition 4.1. O

5. A transcendental Brauer-Manin obstruction to weak approximation

Henceforth, for each ¢ € Q*, let E€ be the elliptic curve over Q with affine equation

y? = a3 203,
Let X = Kum(E* x E€). An affine model for X is
u? = (23 + 2¢%) (£ + 2¢%) (5.1)

Note that X is independent of ¢ € Q%, since (z,t,u) — (z/c,t/c,u/c) gives the following
alternative affine model for X

u? = (2% +2)(t3 +2). (5.2)
By Proposition 4.1, Bry(X) = Br(Q) and therefore there is no algebraic Brauer-Manin
obstruction to weak approximation on X. By (1.1),
BT(X)/BI‘(@) = BI(X)&/Bl”l(X)g = BI(EC X Ec)g/Brl(Ec X Ec)g.

Let 7€ I'g\ I'g(,) and let 6 denote the image of 7 in End 5. The image of 7 gen-
erates Endr, (ES)/(Z/3) = Br(X)/Br(Q) 2 Z/3. Let A € Br(X) \ Br(Q) be a corresponding
generator of Br(X)/Br(Q).

For a prime ¢, let

invy 1

U HY(Qr, B§) x H'(Q, BS) —= Br(Qu)s > 12,2

be the non-degenerate pairing given by the composition of the cup product, the Weil pairing
and the local invariant. Let §* denote the map induced by § on H'(Qy, E). For P € E(Qy),
let xp denote the image of P under the homomorphism

X : E9(Qq) — H'(Qy, ES).
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PROPOSITION 5.1. Let P,Q € E¢(Qy) \ ES. The Qg-point (P,Q) on E° x E° gives rise to
a point R € X(Qy). We have

evas(R) = vp UB*(xo) € %Z/Z. (5.3)

Proof. The statement follows from the results of [25], Section 3. The details are explained
in Section 5.1 of [10]. O

THEOREM 5.2. Let A € Br(X)3 \ Br(Q). Let v # 3 be a rational place. Then the evaluation
map ev4, : X(Qy) — Br(Q,)s is zero.

Proof. The statement for the infinite place is clear, since Br(R) = Z/2 has trivial 3-torsion.
By [4], finite primes of good reduction do not appear in the description of the Brauer-Manin
set. Lemma 4.2 of [17] shows that odd primes of good reduction for an abelian surface are
primes of good reduction for the corresponding Kummer surface. Thus, by (5.2), ev .4 ¢ is zero
for every finite prime ¢t 6. From now on, let £ =2, and let R € X(Q2). We will show that
ev42(R) =0. We can represent R by (zo,to,uo) satisfying (5.2). Let dr = t3 + 2. Since the
evaluation map ev 42 : X(Q2) = Br(Q2)s is locally constant, we are free to use the implicit
function theorem to replace R by a point R’ = (z1,t1,u1) € X(Q2), sufficiently close to R,
such that d = dpr € Q% and uy # 0. Now R’ gives rise to P = (dz1,du;) € E4(Qy) and Q =
(dt1,d?) € E4Qs). Recalling that X = Kum(E? x E?), we apply Proposition 5.1 to see that

1
evaa(R) = xp UG (xQ) € 32/2. (5.4)

We will study E4(Q3). Denote by E¢(Q2) the Qo-points of E¢ that reduce to smooth points
on the reduction of £ at 2. Rescaling the coordinates z,y of E? if necessary, we may assume
that the 2-adic valuation of d satisfies orda(d) € {0,1}.

First suppose that ordy(d) = 0. Then the equation y? = 23 + 2d® is a minimal Weierstrass
equation, and E?/Q, has additive reduction. Since 2 {d, Tate’s algorithm (as described in
[22], Ch. IV, §9) terminates at Step 3 and E4(Qq) = E¢(Q2). Alternatively, considering the
2-adic valuations of the coordinates of points in E4(Q,) allows one to verify directly that
B4(Q2) = E4(Qs).

Now suppose that d = 2e for some e € Zj. Then the equation y? = 2% + 2d® is no longer
minimal. The transformation y = 3’ + 22 gives the equation

Y2+ 23y =23 424 - 1). (5.5)

Note that e € Z3, so €2 =e=+1 (mod 4). Suppose that e € —1+4Zy. Then we have
ordy(24(e® — 1)) < 6, which implies that (5.5) is minimal and E?/Q, has additive reduction.
Applying Tate’s algorithm, or considering the 2-adic valuations of the coordinates of points in
E4(Q,), we see that E4(Qq) = EZ(Qy).

In both the case orda(d) = 0 and the case d € —2 + 8Z3, we may apply Theorem 1 of [18] to
see that E4(Qg) = E4(Q,) is topologically isomorphic to Zs, which is 3-divisible. Therefore, if
ordz(d) =0 or d € —2 + 8Z3 then x = 0.

Finally, suppose that d =2e with e € 1+ 4Zy. Then (5.5) is no longer minimal and
the transformation (z,y) = (222”,23y") gives y"? +y” = 2”3 + €=1 which is a minimal
Weierstrass equation for £, In particular, E4/Q, has good reduction. Therefore,

EY(Q2)/E{(Qs) = E4(F2) = 7,3,

where E¢(Q2) denotes the kernel of the reduction map and E? denotes the reduced elliptic
curve. Thus, 3E4(Q,) C E¢(Q2). We will show that this inclusion is an equality. The standard
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filtration on the Q,-points of £ gives

Ed((@g) D) E{l((@g) D) E2d(@2) ...
The theory of formal groups shows that EY(Qq) = 4Z,. Hence, F4(Q,) is 3-divisible. Since
EHQ2)/E(Qq) =2 Z/2, it follows that E¢(Qz) is 3-divisible. Therefore,
E{(Q2) = 3E7(Q2) = 3E(Qa).
Thus, x factors through E4(Qy)/3E4(Qy) = E4(Qy)/E{(Q2) = Z/3 and it is enough to show
that
xp U0 (xp) =0

for any P € E4(Qs) \ E{(Q2) with 2P # 0. The diagonal embedding E¢ — E? x E< induces a
map E4 — X whose image is a copy of Pg. The restriction of A to P, is in Br(Pg) = Br(Q). In
other words, A restricts to a constant algebra on the image of E% in X. Thus, the evaluation of
A at a point on X corresponding to (P, P) on E4(Q2) x E4(Q>) is independent of the point P.
Hence, it suffices to show that xyp U 8*(xp) = 0 for a single P € E4(Qy). Taking P € 3E4(Q>)
completes the proof. O

The main result of this section is the following theorem.

THEOREM 5.3. The evaluation map
1
evas: X(Qs) = EZ/Z
is surjective. Consequently,
X (Ag)®) = X(Q3)o x X(R) x [T X(Q) & X(Ag)
£#3

where X (Q3)o denotes the points P € X(Qs) with ev43(P) =0, and the product runs over
prime numbers { # 3.

Theorem 5.3 will be proved via several auxiliary results.

LEMMA 5.4. In order to show that evas: X(Qs) — 3Z/Z is surjective, it is enough
to exhibit ¢ € Q* and P € E°(Q3) such that 6*(xp) is not in the image of E¢(Q3) inside

Hl(@?ﬂ Eg)

Proof. Suppose that P € E°(Q3) is such that 8*(xp) is not in the image of E(Q3) inside
HY(Qs, EY). Since the image of E¢(Q3) is a maximal isotropic subspace inside H'(Qs, EY),
there exists @ € E°(Qs3) such that xo U60*(xp) # 0. Note that P,Q ¢ ES because if, for
example, 2P = 0 then xp = x3p = 0. Now by Proposition 5.1, the point R € X(Q3) coming
from (Q, P) € E°(Q3) x E°(Q3) satisfies

evas(R) =xq U0 (xp) #0.
Surjectivity follows since for every n € Z, xng U60*(xp) = n(xq U 8*(xp)). O
In Proposition 5.6, we will show that we can take ¢ =3 and P = (3,9) in Lemma 5.4.

From now on, let E = E®) be the elliptic curve with affine equation y? = 23 + 2 - 33. First, we
determine the group E(Q3)/3 and give explicit generators.
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LEMMA 5.5. We have E(Q3)/3 = (Z/3)?, with generators P = (3,9) and Q = (4,v/2 - 59).

Proof. Denote by Ey(Q3) the Q3-points of E that reduce to smooth points on the reduction
of E modulo 3. Denote by E;(Qj3) the kernel of reduction. The elliptic curve E/Qs has additive
reduction and hence

Eo(Qs3)/E1(Qs) = Fs. (5.6)
Applying Tate’s algorithm (or see the Tamagawa number for 3 given in [15]), we find that
E(Qs)/Eo(Qs) = Z/3. (5.7)
By Theorem 1 of [18], Ey(Q3) = Zs. The following sequence is exact.
0 Eo(Qs) E(Qs) E(Qs) 0.
3E(Qs) 3E(Qs) Eo(Qs)

Since E()(Qg) = Zg and Eo(@g)/El (Qg) = ]Fg, we have 3E0(@3) = E1 (Qg) By (57),
E(Q3)/Eo(Qs) 2 Z/3. A suitable generator is P = (3,9). A calculation shows that
3P =(372.19,-373.5.43) € E1(Q3). Therefore, 3E(Q3) = F1(Q3). The point @ generates
Eo(Q3)/E1(Q3)- g

In light of Lemma 5.4, we will study the action of # on the image of E(Q3) in H'(Q3, E3).
We have

B3 = {05, (0,3v6),(0,-3V6)} U | {(=6¢},9v=2), (—6¢5,—9v=2)}
0<k<2
and therefore
Qs(E3) = Qs(s, V6,v=2) = Qs3(C3).
Let F' = Q3(E3) = Q3((¢3). The inflation-restriction exact sequence gives
H'(Gal(F/Qs), Es) — H'(Qs, E3) — H'(F, E5)S*/%) - H?(Gal(F/Qs), Es).
Since [F: Qs3] =2, we have H'(Gal(F/Q3), E3) = H*(Gal(F/Qs), E3) = 0. Therefore, the

restriction map gives an isomorphism
HY(Qs3, E3) — H'(F, E3)@a1(F/Qa),

Let T € E(Q3). In a slight abuse of notation, we continue to write yr for the image of T in
HY(F, E3) = Homs(T'r, E3). In order to study the action of 6 on x7(I'r) C E3, we will use the
following polynomials. Let fr € Qs[t] be the degree 9 polynomial satisfied by the z-coordinates
of the points R € E(Qs) such that 3R = T. By Exercise I11.3.7 of [22],

fr(t) =322 (t —x(T))(t* + 2% - 3%)% = 23(¢3 +2-3%)(¢5 + 23 . 3% . 51> — 2° . 39). (5.8)

Let gr € Q3(¢3)[t] be the cubic polynomial satisfied by the z-coordinates of the points
S € E(Qs) such that (1 — (3)S = T. The addition formula shows that

gr(t) = t3 + 3Gx(T)t? + 23 - 33 (5.9)

Combining Lemma 5.4 with Proposition 5.6 below completes the proof of Theorem 5.3.

PROPOSITION 5.6. Let P = (3,9) € E(Q3). Then 0*(xp) is not in the image of E(Qs)
inside H'(Qs, E3).

Proof. We have Q3(F3) = Q3((3). By Lemma 5.5, F(Q3)/3 is generated by P = (3,9) and
Q = (4,v/2-59). A calculation using MAGMA [1] shows that the degree 9 polynomial fp given
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by (5.8) is irreducible over Q3 and therefore also irreducible over Q3((3). By (5.9), we have
gp(t) =1* +32Gt* + 23 - 3% and gg(t) = t* + 223(3t% + 2% - 3°.

Making a change of variables ¢ = 3u, we see that gg(t) defines the same extension of Q((3)
as ho(u) = u® + 22¢3u® + 23, Now hg(u) = u +u? — 1 (mod (1 — ¢3)), which is irreducible
over the residue field F3 of Q3(¢3). Thus, go(t) defines an unramified extension of Qsz((3).
On the other hand, we claim that gp(¢) defines a ramified extension of Q3((3). Making
a change of variables t = 3(u+ 1), we see that gp(t) defines the same extension of Q((3)
as hp(u) = u® + 3(1 + (3)u? + 3(1 + 2¢3)u + 3¢3 + 32. Let 7 = (1 — (3). Examining the 7-adic
valuation of the terms in hp(u), we see that any root of hp(u) has m-adic valuation 2/3.
Therefore, gp(t) defines a ramified extension of Q3(¢3), as claimed.

Let Rp,Rg € E(Q3) be such that 3Rp = P and 3Ro =Q. Let Sp=(1—(3)Rp and let
Sg = (1= (3)Rg. Recall that Q3(Cs,z(Rp)) is the degree 9 extension of Q3((3) defined by
fp. Since P is not a 2-torsion point, Q3((3,z(Rp)) = Q3((s, Rp). Likewise, gp defines the
ramified cubic extension Q3((s,Sp)/Q3(¢3) and gg defines the unramified cubic extension
Q3(¢3,5¢)/Qs3(¢3). Therefore, there exists o € I'g,(¢,) such that o (Sg) # Sq, o(Sp) = Sp and
o(Rp) # Rp. We have

(1-¢G)xp(o) =(1=¢G)(o(Rp) — Rp) = 0(Sp) — Sp =0
and
(1-G)xelo) = (1= G)(0(Rg) — Rq) = 0(Sq) — Sq # 0.

Thus, xg(0) ¢ Eq—¢,) and xp(0) € Eq_¢,) \ {Og}. Suppose for contradiction that 6*(xp) is
in the image of F(Q3) inside H'(Qs, E3), so that

0" (xP) = X(aP+b0) = aXP + bXQ (5.10)

for a,b € Fs. Note that 6 acts as multiplication by —1 on E(1_¢,) = {Og, (0,3V6), (0, —3V6)},
S0

—xp(0) = 0"(xp)(0) = axr(o) + bxq(o) (5.11)

which implies that by (o) € E(1_¢,) and hence b = 0 and a = —1. Since gp is irreducible over
Q3(C3), there exists p € T'g(¢,) such that p(Sp) # Sp. For such p we have

(1=&)xp(p) = (1—¢3)(p(Rp) — Rp) = p(Sp) — Sp # 0

and hence xp(p) € E(1—¢,). Therefore, xp(I'g(c,)) = E3. In particular, T' = (—6(3,9v/—2) is in
the image of xp. But 8(T) # —T, which contradicts 8*(xp) = —xp- O

Acknowledgements. 1 am very grateful to Alexei Skorobogatov for suggesting this problem,
for several enlightening discussions and for pointing out a mistake in an earlier version of
Theorem 1.3. I would like to thank Dennis Eriksson, Paul Ziegler, Martin Bright, Spiros Adams-
Florou, Jack Thorne and David Holmes for their enthusiasm and for some useful discussions.
I am grateful to Peter Stevenhagen for his input which led towards the current formulation of
Theorem 3.1. I would like to thank Tim Dokchitser and Srilakshmi Krishnamoorthy for some
helpful comments on an earlier draft of this paper. Heartfelt thanks are due to the anonymous
referee for many helpful and detailed comments which greatly improved the exposition. Most of
this work was done during my stay at the Max Planck Institute for Mathematics in Bonn. I am
grateful to the Max Planck Institute for financial support and for providing a very stimulating
working environment.



Page 22 of 22 BRAUER GROUPS OF PRODUCTS OF CM ELLIPTIC CURVES

10.

11.

12.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

References

. W. Bosma, J. Cannon and C. Playoust, The Magma algebra system. I. The user language. J. Symbolic
Comput. 24 (1997), 235-265.

J.W.S. Cassels and A. Frohlich. Algebraic Number Theory. Second Edition. London Mathematical Society.
2010.

D.A. Cox. Primes of the form z? 4 ny?. Fermat, Class Field Theory, and Complex Multiplication. A
Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, 1989.

J.-L. Colliot-Thélene and A.N. Skorobogatov. Good reduction of the Brauer—Manin obstruction. Trans.
Amer. Math. Soc. 365 (2013), 579-590.

J.-L. Colliot-Théléne and A.N. Skorobogatov. Descente galoisienne sur le groupe de Brauer. J. reine angew.
Math. 682 (2013), 141-165.

A. Grothendieck. Le groupe de Brauer II. In: Dix exposés sur la cohomologie des schémas (A. Grothendieck,
N.H. Kuiper, eds.), North-Holland, 1968, 67-87.

D. Harari. Obstructions de Manin transcendantes. In: Number theory (Paris, 1993-1994), LMS Lecture
Note Ser. 235 Cambridge Univ. Press, 1996, 75-87.

B. Hassett, P. Varilly and A. Varilly-Alvarado. Transcendental obstructions to weak approximation on
general K3 surfaces. Advances in Mathematics 228 (2011), no. 3, 1377-1404.

E. Ieronymou. Diagonal quartic surfaces and transcendental elements of the Brauer group. J. Inst. Math.
Jussieu (4) 9 (2010), 769-798.

E. Ieronymou and A.N. Skorobogatov. Odd order Brauer-Manin obstruction on diagonal quartic sur-
faces. Adv. Math. 270 (2015), 181-205. Corrigendum: http://wwwf.imperial.ac.uk/~anskor/diag_
corrigendum.pdf

E. Ieronymou, A.N. Skorobogatov and Yu.G. Zarhin, On the Brauer group of diagonal quartic surfaces.
(with an appendix by Sir Peter Swinnerton-Dyer). J. London Math. Soc. (2) 83 (2011), no. 3, 659-672.
F. Lemmermeyer. Reciprocity Laws: from Euler to Eisenstein. Springer Monographs in Mathematics, 2000.
. S. Lang. Complex multiplication. Grundlehren Math. Wiss. 255, Springer-Verlag, 1983.

The LMFDB Collaboration, The L-functions and Modular Forms Database, Home page of the Elliptic
Curve 1728.04 (Cremona label 1728v3), http://www.1lmfdb.org/EllipticCurve/Q/1728/0/4, 2015, [Online;
accessed 29 September 2015].

The LMFDB Collaboration, The L-functions and Modular Forms Database, Home page of the Elliptic
Curve 121.b2 (Cremona label 121b1), http://www.1lmfdb.org/EllipticCurve/Q/121/b/2, 2015, [Online;
accessed 29 September 2015].

Yu.I. Manin. Le groupe de Brauer-Grothendieck en géométrie diophantienne. In: Actes Congres Internat.
Math. Nice I (Gauthier-Villars, 1971), 401-411.

Y. Matsumoto. On good reduction of some K3 surfaces related to abelian surfaces. Tohoku Math J. 67
(2015), 83-104.

R. Pannekoek. On p-torsion of p-adic elliptic curves with additive reduction. arXiv:1211.5833v2

K.A. Ribet, Galois action on division points of abelian varieties with real multiplications. Amer. J. Math.
Vol. 98, No. 3, pp. 751-804.

Th. Preu. Example of a transcendental 3-torsion Brauer-Manin obstruction on a diagonal quartic surface.
In: Torsors, étale homotopy and applications to rational points. LMS Lecture Note series 405, Cambridge
University Press, 2013, 449-461.
K. Rubin and A. Silverberg. Point counting on reductions of CM elliptic curves. J. Number Theory 129
(2009) 2903-2923.
J.H. Silverman. Advanced Topics in the Arithmetic of Elliptic Curves. Graduate Texts in Mathematics
151, Springer-Verlag, 1994.
A. Skorobogatov. Torsors and rational points. Cambridge Tracts in Mathematics 144, Cambridge
University Press, Cambridge, 2001.
A.N. Skorobogatov and Yu.G. Zarhin. A finiteness theorem for the Brauer group of abelian varieties and
K3 surfaces. J. Alg. Geom. 17 (2008) 481-502.
A.N Skorobogatov and Yu.G. Zarhin. The Brauer group of Kummer surfaces and torsion of elliptic curves.
J. reine angew. Math. 666 (2012) 115-140.
O. Wittenberg. Transcendental Brauer-Manin obstruction on a pencil of elliptic curves. In: Arithmetic of
higher dimensional algebraic varieties (Palo Alto, 2002), B. Poonen, Yu. Tschinkel, eds. Progr. Math. 226
Birkhé&user, 2004, 259-267.

R. Newton,

Institut des Hautes Etudes Scientifiques,
35 Route de Chartres,

91440 Bures-sur-Yvette,

France

newton@ihes.fr
racheldominicanewton@gmail.com



