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Generalised prime systems with periodic integer counting
function!

Titus Hilberdink
Department of Mathematics, University of Reading, Whiteknights,
PO Box 220, Reading RG6 6AX, UK; t.w.hilberdink@reading.ac.uk

Abstract
We study generalised prime systems (both discrete and continuous) for which the ‘integer counting
function’ N(x) has the property that N(x) — cz is periodic for some ¢ > 0. We show that this is
extremely rare. In particular, we show that the only such system for which N is continuous is the
trivial system with N(z) — cz constant, while if N has finitely many discontinuities per bounded
interval, then N must be the counting function of the g-prime system containing the usual primes
except for finitely many.

2010 AMS Mathematics Subject Classification: 11N80
Keywords and phrases: Generalised prime systems.

Introduction

In a recent paper [7], we discussed Mellin transforms N (s) of integrators N for which N (z) —z is periodic
in order to study flows of holomorphic functions converging to {(s). Here we consider the question when
such an N determines a g-prime system; i.e. that N(z) is the ‘integer counting function’ of a generalised
prime system — see section 1.3 for the definition.

An example of such a flow N (s) was given (in [7]) but it was unclear whether or not they determined
g-prime systems. As a consequence of our results, we show that none of them does.

In fact, we investigate more generally when an increasing function N for which N(z) — cx is periodic
determines a g-prime system for a constant ¢ > 0. (At the outset we assume that N is right-continuous,
N(1) =1, and N(x) =0 for z < 1.) For example, N(z) = cx + 1 — ¢ for x > 1 determines a continuous
g-prime system for 0 < ¢ < 2 at least.

As for discontinuous examples, we have the prototype N(x) = [z] for the usual primes and integers.
For other examples, consider the g-prime system containing the usual primes except given primes p1, . . . pi.
This has integer counting function

N@)= Y [x;"H},

n < P
(n,P) =1

where P = p1ps ... pg. In this case N(z+P) = N(x)+¢(P) where @ is Euler’s function, and N(x)— @x
has period P.

Our results split quite naturally into continuous and discontinuous cases. In section 2, where we con-
sider the continuous case, the main result is that for N sufficiently ‘nice’ (eg. continuously differentiable),
N determines a g-prime system only for the trivial case where N (x)—cx is constant; i.e. N(z) = cx+1—c.

For discontinuous N the picture is less straightforward. A useful tool is to consider its ‘jump’ function
Ny, which must necessarily also have Nj(z) — ¢’z periodic (for some ¢’ > 0) and which also determines
a g-prime system if N does (Theorem 1.1). We show that if such an N has only finitely many discon-
tinuities in any interval but is otherwise ‘smooth’, then N must be a step function, the discontinuities
must occur at integer points and the period, say P, must be a natural number. Then, denoting the jump
at n by a,,, we show that a,, is even? (mod P) and multiplicative. This allows us to deduce our main result.

ITo appear in Acta Arithmetica.
2That is; an = Q(n,P)-



Theorem A
Let N € T be such that N(x) — cx has period P, and suppose that N determines a g-prime system. Then

P eN and
N(z) = ’Z [$;"+1]

i.e. N is the integer-counting function of the g-prime system P\ {p1,...,pr} where p1,...,px are the
prime divisors of P.

(For the definition of T', see section 1.2.) This actually shows that the smallest period must be
squarefree and that ¢ = *O(P Our set up includes all the usual ‘discrete’ g-prime systems.
In proving Theorem A, we prove the following result on Dirichlet series with periodic coefficients,

which may be of independent interest.

Theorem B
Let {an}nen be periodic, a; = 1, and suppose a,, = exp, b, for some b, > 0. Then a,, is multiplicative.

Here * refers to Dirichlet convolution. Thus a,, and b,, are related by o0 | % = exp{d>_ o0, 2z}

n=1 ns

81. Preliminaries

1.1 Riemann-Stieltjes convolution
Let S denote the space of functions f : R — C which are zero on (—o0, 1), right-continuous, and of local
bounded variation. (See e.g. [3], pp.50-70.) This is a vector space over addition. Let S* denote the
subspace of S consisting of increasing functions. Also, for « € R, let S, = {f € S : f(1) = a}, while
St =5tNS,.

For functions f, g € S, define the convolution (or Mellin-Stieltjes convolution) by

e = [ 1(5)dat

We note that S is closed under * and that x is commutative and associative. The identity (w.r.t. =) is
i(z) =1 for > 1 and zero otherwise.

3

(a) If f or g is continuous (on R), then f * g is continuous.

(b) Exponentials. For f € Sy, there exists g € Sy such that f =exp, g; i.e.

oo *n

=4

where ¢*" = gx* g and ¢** = i. Also f = exp*g if and only if f* gy, = fr (see [5]), where
fr € S is the function defined for x > 1 by fr(z) = [ logtdf(t).

*(n—1)

(c) For f € S, define the Mellin transform of f by f(s) = [ x7*df (z). This exists if f(z) = O(z?)
for some A. Note that m = f§ and @ = exp f.

(d) Let f,g € S be continuously differentiable on (1,00). Let g1 (z flgi 1dg . Then f x g is also
continuously differentiable on (1, c0) with

(fxg) =f*a+f1)d
Proof. Let x > 1 and consider (f *g)(xz+h) — (f *g)(x) for h small. Consider h > 0 first. We have

xg)(x —(f*g)(z T of(EEhy — f(2 oth x
(f +9)( +h})L (f+g)(x) _ 1f(t)hf(t)dg(t)+}1l/z f( Jtrh)dg(t). (1.1)

3All limits of integration are understood to be 4 (i.e. from the right) except where they are explicitly stated to be -.



The integrand in the first integral tends pointwise to % f'(%), so by the continuity of f’ this integral
tends to (see [1], p.218)
xr 1(x
F'(5)

17 t

dg(t) = (f + g1)(x) as h — 0.

The second term equals

P LT ) agt

The first term tends to f(1)g’(z) while the integrand tends to 0 by right-continuity of f at 1. Hence
so does the integral.

If h < 0, write h = —k and split up as %ff_k and % f_k and argue as before.

For the proofs of (a)-(c) see [3] and [5].

1.2 The ‘jump’ function
Definition 1.1: (i) For f € S and each z € R, we denote by Af(z) the left-hand jump of f at z; i.e.

Af(z) = f(z) = fle—) = lim (f(z) = f(z = h)).

h—0t

This is well-defined for monotone f and hence for f € S. Note also that Af is non-zero on a countable
set only ([1], p.162).

(ii) For f € ST, let f; denote the jump function of f; i.e.

fila) =Y Af(x,),

T <T

where the x, denote the discontinuities of f.
The function f; is increasing and f = f; + fc, where f¢ is continuous and increasing ([1], p.186).

Let d, denote the function which is 1 on [a, 00) and zero otherwise. Note that d, * 6, = dqp. Letting
Dy denote the (countable) set of discontinuities of f, we may write

fr=3 Af(@). (1.2)

a€Dy

The series has only non-negative terms and converges absolutely.

Properties. Let f,g € S™.
(a) (fxg)s=fr*gs.
Write f = f; + fc and similarly for g. Then
[rg=(fr+fc)*(95+gc) = frxgs+ f1*%gc+ fo*gr+ fo*gc. (1.3)

The last three terms are all continuous, and so their jump functions are identically zero. Therefore
we need to show (fy*g5);5 = f7*9g.

To see this, use (1.2) for f; and g;. Hence

fregr= Y Y Af(@Ag(B)daxds= D > Af(@)Ag(B)das,

aeDfﬁEDg OéGDf ﬁEDg

which is a sum of the form Z'v cy0.; 1e. a jump function. Thus (f; * gs)s = f7* g as required.



(b) For x > 1, we have
A(f xg)(x) = Y. Af(@)Ag(p). (1.4)

a € Dyg,B € Dy

Take A of both sides of (1.3). As the last three terms are all continuous, A = 0 for these functions.
For the remaining term

Alfregn@) =Y.  Af(@Ag(B)Adap(z)= > Af(a)Ag(B),

a€Dyg,BED, L!Egi:ﬁzeD
, g

since Ad,(x) =1 for x = a and zero otherwise.

(¢) Dgsg=DsDyg={af:a€ Ds,3 € Dy}.
If ¢ DyD, (ie. © # af for any a € Dy and 3 € D,), then there is no contribution to the sum in
(1.4). Hence A(f *g)(xz) =0 and & & Dy.q. Thus D,y C DyD,,.

For the converse, if v € Dy Dy then x = o for some o € Dy and 8 € Dy, so that

A(f xg)(z) = A(f xg)(aB) > Af(a)Ag(3) > 0,
as all the other terms in (1.4) are non-negative. Hence x € Dy, and Dy.y = DD, follows.

(d) For f € S, let f denote the function fr(z) = [, logtdf(t). Then AfL(z) = Af(z)logz (see [3],

p.341) and hence (f5)r = (fr)s. (Both sides equal ZaeDf Af(a)logady.)

The subspace T
Consider those functions in S whose right-hand derivative exists and is continuous in (1, c0); i.e.

f ) =t LW I

h—0+ h

exists for each « > 1 and f/ is continuous here. Let T denote the subspace of such functions which have
a finite number of discontinuities per bounded interval. For example, all step functions in S lie in T with
fi = 0. Further for f € T, f| =0 if and only if f is a step function. This follows from the fact that if
f is continuous on an interval, and f has a continuous one sided derivative, then in fact f’ exists (and of
course equals the one-sided derivative) — see [9], p.355. Thus on each interval where f is continuous and
fi. =0, we must have f’ =0 so that f is constant here.

Part (d) of 1.1 generalises to functions in T: if f,g € T then fxg €T and

(f *9); = fjr x g1+ fia *gﬁra
where g1 is as before and fr1 = (fr)1.

Proof. By 1.2(c), Dy.g C DyDy, so f * g has at most finitely many discontinuities per bounded interval.
We have, on (1, 00),

(f*9)e = (frxg) + (frxge)y + (fe*gs)y + (fe xgc),-

Now f* gy is again a step function, so (f; * gs), = 0. Also, fi = (fc), so fc is continuously
differentiable and similarly for gc. By 1.1(d), (fc * g¢)'. = f& * gc,1- For the remaining terms

s aelo) = (3 ateie(%)) = 3 A (%)
aEDy

a€Dy

This is clear for x ¢ Dy (since then o # x), but also true if x € Dy since go(%) = 0 for # < . Thus

(fr*xgc)y = fr1 * g and similarly (fo * g5)'. = f& * gs1. Putting these together gives

(f*9)y = fraixgc+ fe*goa+ foxgor = frixgy + fi* g1



Thus (f * g)’, is continuous and f+g € T.

1.3 Generalized prime systems
We distinguish between two different types of g-prime system.

Definition 1.2 An outer g-prime system is a pair of functions IT, N with IT € S and N € S;" such that
N =exp, IL.

Of course, if IT € SS', then exp, IT € Si", so II determines a g-prime system (with N = exp, II). On
the other hand if N € S, then N = exp, II for some II € Sy by 1.1(b), but II need not be increasing. If
II is increasing, then we say N determines an outer g-prime system. The above definition is somewhat
more general than the usual ‘generalised primes’, since we have not mentioned the equivalent of the prime
counting function m(z).

Definition 1.3 A g-prime system is an outer g-prime system for which there exists m € Sar such that

9=3

k=1

(/).

El e

we say N determines a g-prime system if there exists such an increasing m € Sp.

Remarks.

(a) As such, n(z) is given by
i % /),
k=1
In fact this sum always converges for II € S* (since II(x'/*) decreases with k and S 5, ulk)

k
converges). But of course 7 need not be increasing.

(b) A g-prime system is discrete if 7 is a step function with integer jumps. In this case the g-primes
are the discontinuities of 7 and the step is the multiplicity.

(c) An outer g-prime system is continuous if N (and hence II — see below) is continuous in (1, o).

(d) For an outer g-prime system (I, N), let ¢ =TI, (i.e. 1(z) = [," logtdII(t)) denote the generalised
Chebyshev function.
Note that 1 € S, and that N = exp, II is equivalent to 1 * N = N, (see [3] and [5]).

If N determines a g-prime system and N(z) = cx + O(z(logx)™7) for some v > 3/2, then by
Beurling’s Prime Number Theorem4(see [2] or [4]), ¥(x) ~ z. Also ¢1(z) = logz + Kk + o(1) for

some constant k, where ¢ (x flx ldw

(e) Applying 1.2(c) to outer g-primes shows that Dy, = DyDy. But Dy, = Dy \ {1}, s0o Dy \ {1} =
DN Dy.

Theorem 1.1
Let (II, N) be an outer g-prime system. Then

(a) ATl < AN. In particular, I1 is continuous at the points of continuity of N.

(b) (ILy,Ny) is an outer g-prime system.

4This is usually formulated for g-prime systems, but actually proved for outer g-prime systems. No use of 7(x) being
increasing is made, only that of II(z).



Proof. (a) Apply A to both sides of ¢ *x N = N, and use ANy (z) = AN(z)logx. Thus
AN(z)logz = A(¢ + (Nj + No))(x) = A+ Ny)(z) = A(x),

since N has a jump of 1 at 1. But A¢(z) = All(z) logx, so AIl < AN and (a) follows.

(b) Take the jump function of both sides of the equation ¢ *x N = N. Thus (¢ * N); = (Np);. By
1.2(a) and (d) this is ¥y * Ny = (Ny)r. Since N; and ¢ are increasing, this implies (IT;, N;) forms a
g-prime system.

O
Theorem 1.1 gives a useful necessary condition for N € Sf to determine a g-prime system; namely that
N; must determine a g-prime system. Of course, this is no use if N is continuous, in which case N; =i
— the identity w.r.t. *.

Finally, we remark that if NV is continuously differentiable on (1, 00), then so is ¢ and ¢’ = N —N'x;.
The proof follows 1.1(d) with f = N and g = ¢, so that (f *g)’ = N. The first integral on the RHS of
(1.1) then tends to f’ * g1 = N’ * 1, while the second integral lies between

x+h z+h
Nf(Ll)/z d(t)  and N(lh”‘)/x (1),

Since N is right-continuous at 1, it follows that %)_wx)
Similarly, for A — 0~.
In the same way, N € T implies ¢ € T.

, must therefore tend to a limit as h — 0.

§2. Continuous g-prime systems with N(z) — cz periodic.

Suppose now that N € S; and N(z) = cx — R(z) where R(x) is periodic for some ¢ > 0. Extend R to the

whole real line by periodicity. Thus R is right continuous, locally of bounded variation, and R(1) = ¢— 1.
In what follows we shall always write N = exp, II where II € Sp.

Theorem 2.1
Let N(x) = cx — R(x) € Sy, where R is continuously differentiable and periodic, and ¢ > 0. Then 11 is
increasing if and only if R is constant; i.e. N(x) =cx+1—c¢ foraz > 1.

Proof. If R is constant, then N(z) = cz+1—c (z > 1) and N(s) = 1+ 55 Thus P(s) = —N'(s)/N(s) =
1 1

5=1 — 371+ Which implies Y'(x) =1—27°>0. Hence II is increasing.

For the converse, let R be non-constant and suppose, for a contradiction, that IT is increasing. Equiv-
alently, suppose that ¢’ > 0. Differentiate the relation Ny = ¢« N, using 1.1(d). Thus for z > 1,

N'(x) loga = (N' 1) (&) + ¥/(2) > (N 1) (@), (2.1)
where ¢ (z) = [ 1di(t). Since N’ = ¢ — R/, this becomes
R'(z)logz — (R *1)(z) < clogz — i1 (z).
By Beurling’s PNT, the righthand side tends to a limit as  — oo, so for some constant A and all > 1,
R (2)loga — (R +v1)(x) < A (2.2)

Let P be a period of R. Extend R to R by periodicity. By continuity and periodicity of R’ there exists
xo € [0, P] such that
/ . /
R/ (z9) = I;lea]é(R (x).
Furthermore, for § > 0 sufficiently small, the set of points x in [0, P] for which R'(z) < R'(x¢)—¢ contains
an interval, say [a, 8] with 0 < a < 8 < P. (If not then R’ is constant which forces R constant.) Let



x =nP+ o in (2.2) where n € N. Since log(nP + z¢) = ¢¥1(nP + x¢) + O(1) and R’ has period P, (2.2)

can be written as -
nirro nP + xg
R (zg) = R'( Py ———} ) dy:(t) < A. 2.3
[ R - r (PP dunte) (2.3)

(A different constant A.) Note that the integrand is non-negative. Furthermore, the integrand is at least

d fort e [’}f;‘ﬁrxﬁ”, ’,21;':?] for each positive integer k < n.

Let K be a fixed positive integer less than n. Thus the LHS of (2.3) is at least

nP+xg
kPto nP + g nP + xg
Z/nm Odin(t) = 52(“( kP + ) _%( kP + ))
oy =]
As n — 0o, the k*'-term in the sum tends to log(,]zlljiﬂ) —log(1 %) > £ Thus

nP+ao Ptz S
lim inf R'(wo) - R (P{"= 2"} ) avu (1) = 8(8 - > §'log K
im in /17 (o) - Yi(t) > 6(8 a)};kPJrﬁ_ 0g
for some &’ > 0. This is true for every K > 1 so the lefthand side of (2.3) cannot be bounded. This
contradiction proves the theorem.

O

Remark. (i) We see that N(x) = cx 4+ 1 — ¢ determines an outer g-prime system for every ¢ > 0. What
about g-prime systems; i.e. for which values of ¢ is 7 increasing?” We show in the appendix that this
happens for 0 < ¢ < X and fails for ¢ > X for some A\ > 2.

(ii) The proof of Theorem 2.1 can be readily extended to the case where R is absolutely continuous
and R'(x) has a maximum value, say at © = xo and the set

{z €0,P]: R'(z) < R'(zo) — &}

contains an interval, for some ¢ > 0.

In particular this shows that none of the functions N with A > 1 (as defined in [7], section 3) form
part of a g-prime system, except of course when py = 0. (To recall: Ny(z) = x — Ra(x) for x > 1
and zero otherwise, where R (z) is periodic with period 1 and defined for 0 < x < 1 by Rx(x) =
pA(C(1 =X 1—2)—¢(1—A)). Here p, is a continuous function of A with p; = 1.)

For A\ > 2, this follows from Theorem 2.1 since R) is continuously differentiable and non-constant.
For 1 < A < 2, this follows on noting that Ry is absolutely continuous and R} is maximum at 0+.

83. G-prime systems with N(z) — cx periodic and finitely many discontinuities

Suppose now that N has discontinuities (other than at 1). To check whether N comes from a g-prime
system we consider its jump function N;. By Theorem 1.1, a necessary condition that N determines a
g-prime system is that N; does.

Our strategy for determining the possible N will be as follows. Writing N = N; 4+ N¢, we first show
by extending Theorem 2.1 that we must have No(x) = a(x — 1) for some @ > 0. Then we show that the
discontinuities must occur at the (rational) integers and that the period, say P, is an integer. Writing a,
for the jump at n we therefore have a, 1 p = a,, for n > 2. Next we show that a1, p = a; is forced, so a,
is truly periodic. Using a result of Saias and Weingartner [8] on Dirichlet series with periodic coefficients,
we deduce that (i) a,, must be even (mod P) and (ii) that a,, is multiplicative. We are then in a position
to deduce N¢o =0 (i.e. N is a step function) and determine exactly which arise from g-prime systems.

First we extend Theorem 2.1 to members of 7.

Theorem 3.1
Let N(x) = cx — R(z) € T, where R is periodic and such that I is increasing. Then N(x) = Nj(x) +
a(x — 1) for some a > 0.



Proof. We proceed as in the proof of Theorem 2.1 but with R/, in place of R'. Now (2.1) becomes
Nl (z)logz = (N * 1) (@) + (N =¥ ) () = (N} *¢1)(2),

and (2.2) still holds with R’ replaced by R/.. If R is not constant, then as before, we can find an
xg € [0, P] which maximises R/, and for which R/ (z) < R/ (x) — d holds throughout some interval for
some (sufficiently small) 6 > 0. We obtain a contradiction as before and hence N, is constant.

But N has finitely many discontinuities in bounded intervals, so N = (N¢)’,. So N = a implies
(since Ng is continuous) that No(z) = a(z — 1), using Neo(1) = 0. Since N¢ is increasing, we must have
a>0.

([
Later on, we shall see that the only possible value of a is 0.

Notation
Let A denote the total jump of N per interval of length P;i.e. Nj(z+ P)— Ny(x) = X for x > 1. Thus
N,y(z) = 3z 4 O(1) and, by integration by parts, (N;)r(z) = $zlogz + O(z). Note that A = 0 implies
N is continuous, while A = ¢P implies N = N.

For the following, Dy denotes the set of discontinuities of N in (0,00) and D} = Dy N (1, P + 1].
We suppose that Dy is a finite, but non-empty, set.

Proposition 3.2
Let D% have k elements. Suppose o € Dy such that « is irrational. Then there are at most k* numbers
B € Dy such that a8 € Dy.

Proof. Suppose, for a contradiction, that there are I > k% numbers 3 € Dy such that a8 € Dy. Let

D% ={c1,...,c}. Each B is of the form nP + ¢;. There are k choices for ¢; so some ¢;, will appear at

least k + 1 times. (If not and all appear at most k times, then there can be at most k% such numbers £3.)
Thus we have (at least) k + 1 equations

a(nP +c¢;,) = mP + ¢,

with (possibly different) m,n € N and some ¢; € D},. As Dy has only k elements, at least one ¢; must
occur twice; i.e. there exist positive integers ni, ns, my, ms such that

a(ni P +¢,) =miP+c¢j, and a(ngP + ¢;y) = moP +cj,.

Note that ny # ny and m; # mso otherwise they are not genuinely different equations. Subtracting these
two gives
a(ng —n1) =mg — ma,

and « is rational — a contradiction.

O
Proposition 3.3
Dy contains only rational numbers and P is rational.
Proof. By 1.2(a) and Theorem 1.1,
(N)p(@) = (Ny=v)(@) = > AN(«)AP(f). (3.1)
a,a[fESDIN
Since (N,)r(z) = 3zlogz + O(z) and Dy Dy = Dy, = Dy \ {1}, we may rewrite (3.1) as
S AN(e) > Ay = %xlogz + O(x). (3.2)

a<lzx B<z/a
s.t.aB € D



For « irrational, by Proposition 3.2 there are at most k2 possible s for which a3 € Dy, where k = |D%|.
For each such 8, Ayp(6) < AN(B)log 8 < Clog S for some C. Hence the inner sum on the left of (3.2)
is at most Ck?log(x/a). Thus the contribution of irrational a to the LHS of (3.2) is less than

Ck* Y AN(a) 1og§ = Ck2/ log % ANy (t) = CkQ/ N’T(t) dt = O(x).
1— 1

alz
Hence )
AN (« A = —zxlogz + O(x). 3.3
g () ﬁ;n b(B) = prlog (2) (3-3)
o rational s.t.aB € Dy

But the LHS of (3.3) is (using Beurling’s PNT for ¢ ;(z))

3 AN(a)¢J<§>~x 3 AN(a) (3.4)

[0

a < a <z
a rational « rational

Now the function ot u
Nig@)= > AN(a)= 5 +0(1)

a<zx
« rational
for some p < A by periodicity. (u is the jump per interval of length P from the rational discontinuities.)
The RHS of (3.4) is therefore

1 N
a:/ ngJ@(t) = x/ %(t)dt +O0(zx) = %xlogw + O(x).
1 1

It follows that p = A and there are no irrational numbers in Dy .
Finally, « € Dy with a > 1 implies a + P € Dy by periodicity. As Dy contains only rationals, this
forces P rational.
O

Proposition 3.4
Dy C N and P € N.

Proof. Since Dy \ {1} = Dy«n = DyDn, if @ € Dy then af € Dy for every 8 € Dy. In particular
(using Dy C Dn) a € Dy, implies o € Dy for every n € N. By periodicity, a™ — kP € Dy for every
integer k provided o — kP > 1.

Now write a = r/s and P = t/u where 1, s,t,u € N and (r,s) = (¢,u) = 1. For D% to be finite, the

numbers 1 + P{%52} (n=1,2,3...) (take k = [%] above) must repeat themselves infinitely often;
i.e. for infinitely many values of n,

a” — kP =a" — kP
for some integers k, ko, and ng. As such,

P:aniano _ (g)n_(%)no :1
k—]{io k—ko U

Multiplying through by (k — ko)us™ shows that s™ " |ur™ for infinitely many n. But (r,s) = 1, so
s" "oy for infinitely many n. This is only possible is s = 1; i.e. @ € N. Hence Dy, C N.

It follows that D C N also, and Dy« C N for every positive integer k. Since N = "2  II** /Kl it
follows that Dy C N also.

Finally, m € Dy with m > 1 implies m + P € Dy by periodicity. Since Dy C N, this implies P € N.

O



84. Determining the jumps
Now that we have established the discontinuities are at the integers, it remains to determine the possible
jumps. Write a, = AN(n) and ¢, = A¢(n). Thus a3 = 1 and a,1p = a, for n > 1. The equation
ANy, = (AN) 1), translates as
an logn = chan/d. (4.1)
d|n

Thus ¢; = 0, for a prime p, ¢, = a, log p, while for distinct primes p and g, we have (after some calcula-
tion) cpg = (apg — apaq) log pq.

Next we show that a,, is truly periodic (an+p = a, for n > 1). For the proof, let (P, p) denote the
set of numbers of the form p; ... px where the p; are distinct primes, all congruent to r (mod P). Here r
is coprime to P. Each such set is infinite by Dirichlet’s Theorem on primes in arithmetic progressions.

Proposition 4.1
ap41 = 1.

Proof. First we prove that apy; =0 or 1.

Let p1,...,pr be distinct primes all of the form 1 (mod P), with k¥ > 3. Let n = p;...pg, which
is also 1 (mod P). Note that for every d|n, d = 1(mod P), so that ag = apy; if d > 1. In particular
Cpip; = ap11(l —apyr)logpip; for any 1 <i,j < k with i # j. Since ¢, > 0, (4.1) implies

aptlogn > Z Cpipy An/pip; = Apy1(1 — api1) Z log pipj = a1 (1 —apy1)(k —1)logn.
1<i<j<k 1<i<j<k

This is impossible for k sufficiently large unless ap41 equals 0 or 1.

Next we show that apy1 = 0 implies a,, = 0 for all n > 1, and hence that Ny(z) =1 for z > 1 —i.e.
the continuous case.

By induction. Suppose ap;1 = 0 and that a,, = 0 for all n > 1 such that® Q(n) < k, some k > 1.
(It is vacuously true for £ = 1.) Then a,, = 0 for all such n and all r = 1 (mod P), by periodicity. In
particular, if we take r € (P; p). Note that this implies ¢,, = 0 also for such n and r.

Now let n be such that Q(n) = k. Then, with r € (P; p) such that (n,r) = 1,

anrlognr = E Cdlnr/d = E E CdydyOnr /dy ds -

d|nr di|n da|r

Now d2 € (P p) also, so by assumption, cq,q4, = 0 if ©(dy) < k. Hence only the terms with Q(d;) = k
give a contribution; i.e. only if dy = n. Also a,, = a,, by periodicity. Thus

ay lognr = Z CndyOr)dy = Cnrs (4.2)
d2|’l‘

since only the term with d2 = r makes a, /4, non-zero.
Now consider a,2, with n and r as above. We have

a2, logn?r > g CndOnr/d-
d|r

Using (4.2) and noting that a,2, = a,2, we therefore have®

2
an2 logn?r > a? Z lognd = %d(r) log n?r.

d|r

5As usual, (n) denotes the total number of prime factors of n; w(n) denotes the number of distinct prime factors of n.
6Using 2 > an log kd = d(n) log k2n.
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i.e. 2a,2 > a2d(r) for all r € (P p) such that (n,r) = 1. But 7 can be chosen such that d(r) is arbitrarily
large, and we have a contradiction if a,, > 0. Thus a,, = 0 is forced.

Hence by induction, a,, = 0 for all n > 1.
O

Thus, for the discontinuous case, N 7(s) is a Dirichlet series with purely periodic coefficients. Further,
if N; determines a g-prime system, then N has no zeros in” H;. Now we use the main result of Saias
and Weingartner ([8], Corollary): Let F be a Dirichlet series with periodic coefficients. Then F does not
vanish in Hy if and only if ' = PL,,, where P is a Dirichlet polynomial with no zeros in Hy and X is a
Dirichlet charcter.

Thus Ny = PL, for some Dirichlet polynomial P and Dirichlet character x. We shall see below that

the positivity of the coefficients of N, implies that y must be a principal character, showing that we
actually have N; = Q( for some Dirichlet polynomial Q.

Proposition 4.2

NJ(S) = Q(s)((s) where Q is a Dirichlet polynomial with no zeros in Hy. Furthermore, a,, is even (mod
(d)

P);i.e. an = a@,p), and Q(s) = 3y p qd—f for some ¢(d).
Proof. From above, N;(s) = P(s)Ly(s), where P(s) = Zf:;l b,n~*® say. Extend b, so that b, = 0 for
n > N. By inversion,

by, = Z,u(d)x(d)an/d =0 forn>N.
]

In particular, for every prime p > N, a, = x(p). A simple induction on Q(n) shows that more generally,
a, = x(n) whenever all the prime factors of n are greater than N. Consequently, for all such n, a,, =0
or 1 (since a, > 0 while x(n) = 0 or a root of unity).

Now let p > max{N, P} be prime. Then p = r (mod P) for some 7 with (r, P) = 1. Let n = p®("),
Then n = r*¥) =1 (mod P) and hence

1=a; = a, = x(n) = x(p*") = x(p)*".

But x(p) =0 or 1, so x(p) =1 for all sufficiently large p.

This implies x must be a principal character. For suppose x is a character modulo m. Let (r,m) = 1.
For a sufficiently large prime p in each residue class r (mod m), 1 = x(p) = x(r) by periodicity. Thus
x(r) =1 whenever (r,m) = 1; i.e. x is principal. Thus

1
Ny(s) = Pls)na(5) = Ps)C() TT (1= 2) = Q)¢
plm
where @ is again a Dirichlet polynomial, non-zero in H;. Denoting the coefficients of @ by ¢(n), we see
that ¢(1) = 1, g(n) = 0 for n sufficiently large, and

ap = Z q(d).
d|n

To show a,, is even (mod P), we first show that for d|P, apq = aq for all sufficiently large primes p. It is
true for d = 1, so suppose it is true if Q(d) < k, for some k > 1.

Let d|P such that (d) = k. Let p be prime and sufficiently large so that (p,d) = 1 and ¢(pd) = 0.
Then

0=q(pd) = > p(C)apaje = Y w(C)apasc + Y p(pc)aye

clpd cld cld
= apd + Z N(C)apd/c - ZM(C)ad/c = Qpqd — Aqd
cld cld
c>1

"For § € R, Hy denotes the half-plane {s € C : Rs > 0}.
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since apgq/c = aq/c as Q(d/c) < k in the first sum.

Let d = (n, P). Then (%, £) =1 and there exist arbitrarily large primes p congruent to % (mod Z).

For such primes p, pd = n (mod P), and by periodicity a, = apq = aq for p sufficiently large. Thus
apn = Q(n,pP)-
As a result, we can write

T > n = 1 1
Nis) =3 3 =X X =g (1 0) = Q).
dp (nTLP: 1: d ar (mg/id)lz 1 ar plF/d

which shows that ¢(n) is supported on the divisors of P.

Next we show that a,, is multiplicative.

Theorem 4.3
an 18 multiplicative.

Proof. Equivalently, we show ¢(n) is multiplicative. Let the period be P = pi"* ...p,"*. Write

Q)= 40 el 101,

d|P n=1

for some t(n), where t(1) = 0. Since N;(s) = exp{3.°", %2} for some b, > 0, Proposition 4.2 implies

n=1 ns

that ¢(n) = b, > 0 for n not a prime power. The aim is to show that ¢(n) = 0 for such n.
Since the g(n) are supported on the divisors of P, t(n) is supported on the set {p}* ... p* :ny,...,n, €
Ny}

For each p|P let

Q) = Y- W)

TS
r=0 p

(This is a polynomial in p~2.) Then

Mo-eo{ ¥ "2}

p|P n prime power

where the sum is over prime powers only. Now define T} (s) and t;(n) by

&—ex s)} =ex 3 t(n)
T aers) =T p{g 0 } (43)

i.e. t1(n) = t(n) for n not a prime power and zero otherwise.

If the Dirichlet series for Ti(s) converges everywhere, then the result follows. For the LHS of (4.3) is
then entire and of order 1 while if ¢;(ng) > 0 for some ng > 1, then the RHS of (4.3) is, for negative s, at
least e!("0)70 " which has infinite order. The contradiction implies T} is identically zero and Q = Hp Qp-

Suppose then that the series for T} has a finite abscissa of convergence, say —f3. Since the coeflicients
are non-negative, —3 must be a singularity of the function; i.e. —@3 must be a zero of one of the @Q,(s).
(As we shall see later, Q,(s) # 0 in Hy, so 8 > 0, but we do not require to know this at this stage.)

We can write down the ‘spatial extension’ of (4.3). We can think of this as substituting z; = p; *. For
p prime, let Q,(z) = 3202, q(p")z", so that Q,(p~*) = Q,(s). Now define

Q(zl,...,zk): Z q(pll’l...pzk)zlfl...zzk,
b, bp>0

12



(the series is of course finite) and similarly for 7. Then (4.3) becomes

Q( 21, ) _ 2 — ex n1 k) M ok
Qpl( ) ka(zk) —eXp{Tl(le--,Zk)}—e p{m’.gkmtl(pl Sl A } (4.4)

Since (4.3) holds for ¢ > —f3, (4.4) holds in the domain {(z1,...,z2) : |21 <p,. .., |2| < PP}

Let r be the smallest positive integer such that ¢1(n) = 0 whenever w(n) < r. (Thus 2 <r < k). Put
Zr41y -+, 2k = 0. Then (4.4) becomes

Q( 21, ) — ex n1 (AW} o
Q;,l( ) QPT( >_ p{ Z tl(pl - Dy ) 1 - *r } (45)

N1y, >0

where we identified Q(z1,...,2,) with Q(z1,...,2.,0,...,0). Without loss of generality, we may assume
that the numerator and denominator of the left-hand side of (4.5) have no common factors. (If there are
any, cancel them, and apply the argument to what remains.)

Let z; = x; (i = 1,...,r) be real and positive. Take logs of (4.5) and differentiate with respect to
each of the variables z1,...,z,. This gives

o" ~ Plzi,...,x
Z ny...net (Pt opp)aft al = —————log Q(xy, ..., xy) = M

: (46
0z ...0z, Q(z1,.. ., x)" (4.6)

N1, Mp >0

for some polynomial P. The crucial point here is that the polynomials Qp have all disappeared.

Now, Qp(pﬂ) = 0 for some p|P, say p = p1. Fix x9,...,2, and let x; — pf through real values from
below. If Q(pf, Zay ..., %) # 0, then the RHS of (4.6) remains bounded, and hence (since ¢1(n) > 0), the
series

Z ny..onpty (PR pPT)ptPal? L a2 converges (4.7)
Ny, >1

while the LHS of (4.5) tends to infinity, so

Z t (M. pt )t Paz et diverges. (4.8)
ni,...,ne->0
But (4.7) and (4.8) are in contradiction since in (4.8) we actually require ny,...,n, > 1 (if any n; =0,

there is no contribution to the sum as w(py* ...pl'") < r).

Thus this forces Q(pf,xg, ..., xp) = 0 for every z; (i = 2,...,r) in some interval, and hence for all
such z;, since Q is a polynomial. But this implies (z; —pf) is a factor of both Q(z1, ..., z,) and Qp, (1)
— a contradiction. Hence T3 is identically zero and the result follows.

O

Determining a for which N;(z) + a(z — 1) is a g-prime system

The problem thus reduces to determining (), (s). We shall see in Theorem 4.4 that the zeros of Qp(s) all
have real part less than or equal to zero. We use this fact to deduce that the only permissible value of a
is 0.

For, using this fact, the zeros of @ then all lie in C\ Hy. In particular, in Hy, the zeros of NJ are
precisely the zeros of ( and hence N has no real positive zeros. Indeed, Q(o) > 0 for ¢ > 0 since
Q(o) is real and non-zero here and as ¢ — oo, Q(¢) — 1. Thus Nj(o) < 0for 0 < o < 1. Also
N(o)=Nj(o) - (0,1).

Now N = N; + N¢ and ¢ = s +¢¢ and by assumption ¢ is increasing. (Here Nc(z) = a(x — 1),
so that Nco(s) = 7%5.) Thus

() = B(s) — s (s) = D (8) _ N'(s)

13



since (IL;, N;) and (II, N) are g-prime systems. Note that )¢ # —NCI/NC as (¢, N¢) is not a g-prime
system (indeed N (1) = 0).

Both 1(s) and v;(s) are meromorphic functions, holomorphic in H; \ {1}, with simple poles at s = 1
and residue 1. Thus 1¢(s) has a removable singularity at 1 and poles at the zeros of N and Nj.

Landau’s Oscillation Theorem (cf. [3], p.137) applied to ¢)c implies that ¥ has a singularity at its
abscissa of convergence, say 6. Of course # < 1 must be a zero of N or N;. But neither N nor N, has
real positive zeros, so § < 0. But then LZ)AC must be holomorphic in Hy, implying that N and N, have
the same zeros here; i.e. all the non-trivial Riemann zeros. But at each such zero, say p, Nc(p) = 0 also.
This is impossible as Ne¢ has no zeros, except if a = 0.

Hence a = 0 is forced and N = Nj.

Criteria for g-primes
We have N(s) = Q(s)¢(s) = exp{T(s) + log ¢(s)} = exp{II(s)}. Thus

fi(y) = 3 A,
n=1

For II to be increasing, the coefficients of IT must be non-negative; i.e. A;(n)+ t(n) > 0 for all n € N.
As t(n) is supported on the powers of the prime divisors of P, we have:

1
II is increasing <=  t(p*) > ~Z for p|P and k € N. (%)
Note that ¢(p) = q(p) = ap — 1 > —1 for p prime, so (x) is satisfied for k = 1.
Turning now to m(z), N determines g-primes if 7 is increasing where w(z) = >~ @H(zl/’ﬂ). But

~ - k - Ooﬂ-n
W(S)ZZ%H ks) Z Z plk n’“ :ZE’

k=1 k,n>1 n=1
say, for some coefficients m,. Thus 7 is increasing if and only if m,, > 0 for all n. Now 7 = 0 and
7 = 14 t(p) > 0 for p prime, while m,, = 0 for n not a prime power. Hence
T 1S increasing <= Z o t(p™'*) >0 forn>2 and p|P. (%)
d|n

To deal with these criteria, it is useful to write them in terms of the zeros of Qp.

The zeros of Qp
Let p|P and let k be the degree of ),. Then (), has k zeros Ai,...,\,. Letting u, = 1/X, gives
Qp(z) =1 —p12)...(1 — pgz) and

(%S) 1 k
log Qp(2 Zlog (1= prz) ==Y (n Zu?)zn

n=1 r=1

Since log Qp(z) =2, t(p")z", equating coefficients gives

3 1 n
n r=1
Hence (x) is satisfied for a prime p|P if and only if
k
T ;:Z,uffgl for n € N. (1)

14



Turning to (xx), let sn(w) = 324, p(d)w™? for w € C. Then > din #t(p"/d) =-1 Ele Sn(pr) and
(xx) is satisfied for a prime p|P if and only if

an(u,.) <0 forn>2. (1)

Theorem 4.4
Let Qp, k and p1,. .., g be as above. For k=1, (f) is satisfied if and only if || < 1. For k> 1, if (t)
is satisfied, then |u.| < 1 for allr.

Proof. For k = 1 this is trivial so assume k > 1 and that (}) is satisfied. The numbers p; ..., ug are

either real or occur in complex conjugate pairs. Denote the real ones by p1, ...,y and the complex ones
by vie* . v,et P where v, > 0 and 0 < 6, < 7. Thus (1) becomes
Tn = p7 + ..+ p + 217 cosnby + ...v) cosnb,y,) < 1. (4.9)

Assume without loss of generality that [u1| > ... > |u| and vy > ... > v, If |ug] > 1, then p?" > 1 and
(4.9) implies
vitcos2n0y + ... + 12" cos2nb,, <0 for all n € N.

Suppose v; = ... =1y > vg41 for some ¢ < m, then this involves
cos2nby + ...+ cos2nb, < % (neN) (4.10)
for some a and A > 1. But this is impossible as we show below.
Thus if any p, is real, then || < 1. Now suppose v = ... = 14 > 1441 and v > 1. Then (4.9)
implies
1
cos2nfi + ... 4 cos 2nb,; < 5—&—% (n e N) (4.11)

for some a and A > 1. We show this is impossible, which in turn implies (4.10) is impossible.

Let ¢, = 6,/m. By Dirichlet’s Theorem (see [6], p.170), the numbers ngi,...,n¢, can be made
arbitrarily close to ¢ integers simultaneously; i.e. given £ > 0, there exists n € N such that |n¢, — K| < e
for r=1,...,q and integers K,.. Thus, for some |J,| < ¢

cos 2nd,. = cos 2mng, = cos 2w (K, + 4,.) = cos 2mwd,. > cos 27e,

which can be made as close to 1 as we please. The inequalities (4.10) and (4.11) are impossible and hence
v, < 1 for all r.

O
To deal with (1) we require the following.
Lemma 4.5
(a) Let w € R. Then sp(w) <0 for allm > 1 if and only if w =0 or 1.
(b) Let wy,...,wg be non-zero complex numbers of modulus less than one, and symmetric about R; i.e.

w; = w; for some j. Then sp(w1)+ -+ sp(wk) changes sign infinitely often.

Proof. (a) For p prime, s,(w) = wP —w > 0 for w > 1, while for p an odd prime, sa,(w) = w? — w?P —
w? 4+ w > 0 whenever w < —1 for p sufficiently large. This leaves —1 < w < 1. For w = 1, s, (w) = 0
for n > 1, while for w = —1, s,(w) = 0 for n > 2 and sa(—1) = 2, so it narrowly fails in this case. For
w = 0 the result holds trivially.

Now suppose —1 < w < 1, w # 0. Consider the entire function defined by the Dirichlet series



Note that
Hw(s) - - Sw(n)
() 2w

Now if s, (w) is ultimately of one sign, then the abscissa of convergence of this series must be a sin-
gularity of H,/¢. This singularity must be real, and there can be no others further to the right. But
the first real singularity (furthest to the right) is at —2, so H,, must be zero at all the complex zeros of
¢. This is a contradiction as H,,, being bounded in any strip, has at most O(T') zeros up to height T here.

(b) This time

Hy, (8) + -+ Hwk(s) _ i sp(wy) + -+ + sp(wg)
C(S) n=1 n®
If sp(w1) 4+« + sp(wy) is ultimately of one sign, then the abscissa of convergence is a singularity of the

LHS. Each H,, is entire, so the first real singularity occurs at —2. As in (a), this gives a contradiction.
O

Proof of Theorem A. By Lemma 4.5(b), if & > 1, ({}) cannot be satisfied (for then |u,| < 1 for all r).
So, for m to be increasing, we require k = 1; i.e. Qp(z) =1+ g(p)z. Hence 1 = —q(p) and (11) holds if
and only if s, (p1) = sp(—q(p)) <0 for n > 2. By (a) of Lemma 4.5, this only happens if ¢(p) = 0 or —1.

Thus
N(s) = ((s) H(1 + q;f)) =((s) ﬁ(l - i)

p|P i=1

for some prime divisors pq,...,p; of P.

Outer g-prime systems with N(x) — cx periodic
The condition in Theorem 4.4 does not allow us to determine which coefficients a,, will lead to outer
g-prime systems as they are only necessary and not sufficient. Instead we use the relation

k
kq(p®) = rt(p)a(* ") (4.12)

which follows directly from Q = el. This allows us to calculate t(p*) explicitly in special cases. Suppose
@, has degree 1. Then ¢(p") = 0 for 7 > 1 and (4.12) gives kt(p*) = —(k — 1)t(p"*"1)q(p) for k > 2. Thus

(=D)*'a(p)*

t(p*) = p

As a result, () holds if and only if (—q(p))¥ < 1 for all k, which is easily seen to be equivalent to
—1 <gq(p) <1forall p|P (i.e. 0 < ap < 2). In particular, we have proven:

Theorem C
Let N € T be such that N(x) — cx has squarefree period P. Then N determines an outer g-prime system

if and only if
N@) =Y a@)]5)].

d|P

where q(-) is multiplicative, q(p) € [-1,1], and ¢ = ][, p(1 + q(p)/p)-

For example, the outer g-prime systems for which N(z) — cz has period 6 are given by

o) =t 2[7] +a[2] - ufZ]

where (\, 1 € [—1,1]) and (1 + X/2)(1+ u/3) = c.
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APPENDIX — When does N(z) = cx + 1 — ¢ determine a g-prime system?

From the proof of Theorem 2.1 we saw that ¢/(x) = 1 — 27¢ for > 1. Thus ¢ (equivalently II) is
increasing for every ¢ > 0. What about 7?7 Let 6 = w1 be the generalization of Chebyshev’s #-function.

Then 0(z) = 307, pu(n)b(z'/™) so that

Let f be the entire function

f(Z):n; gln) ev — Zklck+1

Then e*§'(e*) = f(z) — f((1 — ¢)z) and 0 is increasing if and only if

f@) = f(1=c)z) Vz=>0. (Ae)

For 0 < ¢ < 2 this is easily seen to hold as

oo

_ k k
flx) = f(1—c)x ZIM

and the coefficients are all non-negative if (and only if) 0 < ¢ < 2.
Now consider ¢ > 2. It is clear that (A.) holds for all ¢ > 2 (actually for ¢ > 1) if and only if

f(=x) <0 forxz>0. (B)
For if (B) is true, then since (1 — ¢)z < 0, we have
f(T=c)z) <0< f(2)

and (A.) holds. Conversely, assume (A.) holds for all ¢ > 2. Suppose, for a contradiction, that f(—zg) > 0
for some ¢y > 0. Then

0< f(—zp) = f((l —c)- C:C_O1> = f(c:i)l)

for every ¢ > 2. This is false for ¢ sufficiently large as the RHS can be arbitrarily close to zero. Thus (B)
is true.
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However, we show that (B) is false, and hence that (A.) fails for some ¢ > 2.

Theorem A1l
There exists X > 2 such that for ¢ < A\, w is increasing, while for ¢ > A, m is not increasing.

Proof. Clearly, if (A.) holds for some ¢ = ¢g > 1, then it holds for all smaller ¢, since (A.) is equivalent
to

fep < f(25) w0 (40)

and f is increasing on (0,00). Also, if (A%) holds for all ¢ < ¢, then by continuity of f, it holds for
¢ = ¢1. Now we show (B) is false.
Starting from the formula® ;- f(—l,O) I(s)z ™ *ds=e"" —1 (x > 0) we have

L F(S) 2= SZMM_L s E_S szmwe—w/n_ s
i Jg -9 BT 2m/(_170)“>(n) d=2 S 1) = f(~2),

using the absolute and uniform convergence of the Dirichlet series for 1/¢(1 — s). Changing the variable

gives
1 Nl-s) .4
fl-a) =5 /(1’2) e as

D(l-s) _ [*f(=a) 0
) _/0 —d (1<o<2)

T

By Mellin inversion

Hence

*fl=x) , T=s) [!'f(-x) A ) - (=Dt
/1 xs dv = ¢(s) /0 x$ du = ¢(s) +kZ:1k!C(k+l)(k—|—1—s)'

Since the LHS converges and is holomorphic in Hj, the singularities at 2,3,4... on the RHS are all
removable, as is the singularity at s = 1.

Suppose now that f(—z) is ultimately of one sign. Then the abscissa of convergence of the LHS Mellin
transform must be a (real) singularity of the function. But the first real singularity occurs at —2 (zero of
¢). This is a contradiction as there are singularities at the non-trivial zeros of ¢ to the right of this. Thus
f(—=z) cannot ultimately be of one sign; i.e. f changes sign infinitely often in (—oo,0) and has infinitely
many zeros here.

Thus (A”) fails for some ¢ > 2 and hence all larger c. Let A denote the supremum of those ¢ for which
(AL) holds. Thus (AZ) holds for ¢ < X and fails for ¢ > A.

Finally, A > 2 since f(5%7) > f(—y) for all y > 0 with equality for some y > 0 (or A would not be
optimal) and this is false for A = 2.

O

8Here f(a.['i) means lim7_, f;’jﬁ: for any o € (o, 8).
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